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Abstract

The two-feedback-loop regulatory module of nuclear factor kB (NF-kB) signaling pathway is modeled by means of ordinary
differential equations. The constructed model involves two-compartment kinetics of the activators IkB (IKK) and NF-kB; the
inhibitors A20 and IkBa; and their complexes. In resting cells, the unphosphorylated IkBa binds to NF-kB and sequesters it in an
inactive form in the cytoplasm. In response to extracellular signals such as tumor necrosis factor or interleukin-1, IKK is

transformed from its neutral form (IKKn) into its active form (IKKa), a form capable of phosphorylating IkBa; leading to IkBa
degradation. Degradation of IkBa releases the main activator NF-kB; which then enters the nucleus and triggers transcription of the
inhibitors and numerous other genes. The newly synthesized IkBa leads NF-kB out of the nucleus and sequesters it in the cytoplasm,
while A20 inhibits IKK converting IKKa into the inactive form (IKKi), a form different from IKKn, no longer capable of

phosphorylating IkBa: After parameter fitting, the proposed model is able to properly reproduce time behavior of all variables for
which the data are available: NF-kB; cytoplasmic IkBa; A20 and IkBa mRNA transcripts, IKK and IKK catalytic activity in both

wild-type and A20-deficient cells. The model allows detailed analysis of kinetics of the involved proteins and their complexes and

gives the predictions of the possible responses of whole kinetics to the change in the level of a given activator or inhibitor.

r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Nuclear factor kB (NF-kB) regulates numerous genes
important for pathogen or cytokine inflammation,
immune response, cell proliferation and survival. In
mammals, the NF-kB family of transcription factors
contains five members termed NF-kB1 ðp50=p105Þ;
NF-kB2 ðp52=p100Þ; RelA(p65), RelB and cRel (re-
viewed in Tian and Brasier, 2003; Caamano and Hunter,
2002; Ghosh et al., 1998). NF-kB1 and NF-kB2 are
synthesized as a 105 and 100 kDa precursors that must
be post-translationally processed into the DNA binding
subunits termed p50 and p52. The NF-kB members
dimerize to form homo- and heteromeric complexes
of various transcriptional activities. While RelA (p65),
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RelB and cRel carry the transcriptional activation
domains, NF-kB1 (p50) and NF-kB2 (p52) lack
transcriptional activity. In fact both p50 and p52
homodimers are repressive (Ghosh et al., 1998 and
references therein). The ubiquitously expressed NF-
kB1 ðp50Þ and RelA(p65), heterodimer constitutes the
most common inducible NF-kB binding activity. In
contrast, NF-kB2; RelB and cRel are expressed speci-
fically in lymphoid cells and tissues whereby play specific
role in the immune response (Caamano and Hunter,
2002).
In resting cells, p50–65 heterodimers (referred herein

as NF-kBÞ are sequestered in the cytoplasm by associa-
tion with members of another family of proteins called
IkB: This family of proteins includes IkBa; IkBb;
IkBe; IkBg and Bcl-3, but also p105 and p100, which
due to their C-terminal ankyrin-repeat regions have
homologous functions to IkB: Most of the IkB-family
inhibitory potential is carried by IkBa; whose synthesis
is controlled by a highly NF-kB-responsive promoter
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generating autoregulation of NF-kB signaling (Sun
et al., 1993). Activation of NF-kB requires degradation
of IkBa; which exposes the NF-kB nuclear localization
sequence and allows NF-kB to translocate to the
nucleus, bind to kB motifs present in the promoters of
numerous genes and regulate their transcription. NF-kB
specifically recognizes DNA elements with a consensus
to sequence of 50-GGGRNYYYCC-30 (R is any purine,
Y is any pyrimidine, and N is any nucleotide), which
consists of 5-base pair (bp) 50 subsite for p50, and 4 bp
subsite for p65 (Kunsch et al., 1992; Chen et al., 1998).
The nuclear activity of NF-kB is terminated by the
newly synthesized IkBa; which enters the nucleus, binds
to NF-kB and takes it out into cytoplasm.
NF-kB activating signals converge on the cytoplasmic

IkB kinase (IKK), a multiprotein complex that phos-
phorylates IkBa at serine residues 32 and 36, leading to
its ubiquitination at lysine-21 and lysine-22 and then to
its rapid degradation by the 26S proteasome (reviewed
in Karin, 1999). Native IKK complexes purified from
mammalian cells have molecular weight of B700 kDa;
and are composed of the catalytic basic helix–loop–
helix-containing kinases IKKa and IKKb; and a
regulatory subunit IKKg (NEMO) in stoichiometric
amounts, whose association is required for coupling
IKK to upstream kinases (Yamaoka et al., 1998).
Recently, Tangethoff et al. (2003) found that tetrameric
oligomerization of IKKg is obligatory for activity of
IKK complex. The activation of IKK kinase is induced
by various extracellular signals including tumor necrosis
factor-alpha (TNF), interleukin-1 (IL-1) and viral
replication (e.g. Respiratory Syncytial Virus, Tian
et al., 2002) through complicated, not fully resolved,
transduction pathways.
Kinetic studies of IKK indicate that its activity is

transient, peaking within minutes of stimulation and
rapidly decreasing thereafter. IKK inactivation is
controlled by the zinc finger protein termed A20, which
like IkBa; is strongly NF-kB responsive (Krikos et al.,
1992). Mice deficient in A20 develop severe inflamma-
tion and cachexia, are hypersensitive to TNF, and die
prematurely (Lee et al., 2000). At a biochemical level,
A20-deficient fibroblasts show persistent IKK activation
after TNF stimulation demonstrating its essential role in
mediating IKK inactivation (Lee et al., 2000). Despite
these observations the exact mechanism of A20’s action
is not fully resolved. There are two main possible
hypotheses: A20 may act at the level of IKK, binding to
IKKg; mostly through its C-terminal (zinc finger) region
(Zhang et al., 2000); or it may block the upstream
transduction pathway between extracellular signal and
IKK by binding to TNF receptor associating proteins,
interfering with the recruitment of IKK to the activating
receptor (Song et al., 1996; He and Ting, 2002, reviewed
in Beyaert et al., 2000). Our model is based on the first
hypothesis, although it should work reasonably well
even if A20 acts by blocking the transduction pathway
between an extracellular signal and IKK.
In the present paper, we apply ordinary differential

equations (ODEs) to model the NF-kB regulatory
network (see Tyson et al., 2003 for a recent review of
ODEs modeling). The model constructed includes two
regulatory feedback loops; the first involving IkBa and
the second involving A20. While IkBa is a NF-kB
inducible inhibitor of NF-kB nuclear activity, the action
of A20 is more elaborate. A20 being also NF-kB
responsive eases termination of IKK activity, which in
turn is responsible for IkBa degradation. This implies
that A20 acts as an IkBa activator and an NF-kB
inhibitor.
The previous attempt to model the IkB—NF-kB

signaling module was made by Hoffmann et al. (2002).
While the Hoffmann et al. (2002) model concentrates on
the interplay between three isoforms of NF-kB inhibi-
tory proteins IkBa and IkBb and IkBe; our model
accounts for IkBa and A20 inhibitory actions, IKK
activation and NF-kB regulated synthesis. Using, in
part, the Hoffmann et al. (2002) model, we amended it
in three main points:

* We refined the considerations on two-compartment
kinetics by taking into account the difference between
the nuclear and the cytoplasmic volume.

* Fitting our model we made use of Rice and Ernst
(1993) data and Carlotti et al. (2000) considerations
indicating that unbound IkBa constitutes less than
15% of the total IkBa: Since only one IkBa molecule
binds to a NF-kB heterodimer (Li et al., 1998), IkBa
is present in less than 15% excess relative to NF-kB:
The Hoffmann et al. (2002) fit implies that the
amount of IkBa is several times larger than that of
NF-kB: Such large quantities of free IkBa substan-
tially alter the IkBa and NF-kB intercompartment
kinetics.

* We re-estimated the mRNA transcription and
translation coefficients by using constraints following
from data on a molecular level. The IkBa inducible
mRNA synthesis coefficient used in Hoffmann et al.
(2002) model implies the transcription speed of
hundreds of mRNA transcripts per second, which is
unrealistic.
2. Model formulation

The model proposed involves two-compartment
kinetics of IKK, NF-kB; A20; IkBa; their complexes,
and mRNA transcripts of A20; IkBa; and of a
hypothetical control gene, cgen. The IKK complex, as
well as the dimer NF-kB will be considered as single
proteins, i.e. the dynamics leading to formation of these
complexes will be disregarded.
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The regulatory system considered has two activators
IKK and NF-kB; and two inhibitors A20 and IkBa: In
the presence of an extracellular signal such as TNF or
IL-1, IKK is transformed into its active (phosphory-
lated) form. In this form it is capable of phosphorylating
IkBa; which in turn leads to its degradation. In resting
cells, the unphosphorylated IkBa binds to NF-kB and
sequesters it in an inactive form in the cytoplasm. As a
result, degradation of IkBa releases the second activator,
NF-kB: The free NF-kB enters the nucleus and
upregulates transcription of the two inhibitors IkBa
and A20, and of large number of other genes including
the control gene cgen. The newly synthesized IkBa again
inhibits NF-kB; while A20 inhibits IKK by catalysing its
transformation into another inactive form, in which it is
no longer capable of phosphorylating IkBa:

2.1. Background: basic processes

The kinetics considered involves formation and
dissociation of complexes, catalysis, mRNA synthesis
and translation as well as transport between nucleus of
volume U and cytoplasm of volume V : Some substrates
may exist both in cytoplasm and in the nucleus,
and below we use subscript c for cytoplasm and n for
nucleus.

1. We assume that the transport rate of a given
substrate to or from cytoplasm is proportional to
its nuclear or cytoplasmic density, respectively. Let ac

and an denote the amount of the substrate, respec-
tively, in cytoplasm and nucleus, while Ac ¼ ac=V

and An ¼ an=U denote cytoplasmic and nuclear
concentrations of the substrate. With lower case
letters we will denote amounts, with capital letters
molar concentrations. Assuming that the intensity of
transport is proportional to the concentration of
transported substrate, the pure transport equations
can then be written as follows:

dac

dt
¼ �TcAc þ TnAn; ð1Þ

dan

dt
¼ �TnAn þ TcAc; ð2Þ

where Tn;Tc denote coefficients of cytoplasmic and
nuclear export. One may expect that these coefficients
are proportional to the area of the nucleus surface S;
however, it is not so evident, since the transport
proceeds through specialized pores, and the number
of these may not be proportional to the nuclear
surface area. Let us note that

dac

dt
þ
dan

dt
¼ 0; ð3Þ

which means that when transport only is considered,
the total amount of substrate ac þ an is constant.
Dividing Eqs. (1) and (2), respectively, by V and U ;
we obtain

dAc

dt
¼ �tcAc þ tnAn; ð4Þ

dAn

dt
¼ �kvtnAn þ kvtcAc; ð5Þ

where tc ¼ Tc=V and tn ¼ Tn=V are the scaled
coefficients of transport, and kv ¼ V=U : While using
the scaled coefficients of transport, one has to
remember that their values are volume-dependent,
and may be different for different cells. Note that

dAc

dt
þ
dAn

dt
¼ 0 ð6Þ

if and only if kv ¼ 1; i.e. when cytoplasm and nucleus
are of the same volume. The Hoffmann et al. (2002)
model equations are based on the assumption that
the transport conserves the sum of concentrations, an
assumption that is only valid if the compartments are
of the same volume.

2. Our model includes two inducible genes A20 and
IkBa; the transcription rate of which is regulated by
NF-kB: Let at denote the amount of mRNA
transcript of A20 or IkBa: We assume that the
transcription rate is a sum of a steady term and of an
inducible term, the latter proportional to nuclear
concentration of NF-kB; which implies

dat

dt
¼ C0 þ C1 NFkBn � c2at: ð7Þ

Hoffmann et al. (2002) assumed that the transcrip-
tion of IkBa isoform is a second-order process
proportional to the square of NF-kB concentration,
arguing that NF-kB is a dimer and as a dimer it can
be assumed to bind DNA in a nonlinear, cooperative
fashion. In our opinion, the quadratic term would be
justified if the gene promotory region had two NF-kB
binding sites, and binding to both of them would be
necessary to regulate the transcription. In any case,
Hoffmann et al. (2002) found that the assumed
nonlinearity is not essential for qualitative behavior
of the model. The mRNA transcript is produced in
the nucleus but since, prior to the translation, it is
transported to the cytoplasm, its concentration is
calculated using the cytoplasmic volume, i.e. At ¼
at=V ; and we have

dAt

dt
¼ c0 þ c1 NFkBn � c2At; ð8Þ

where c0 ¼ C0=V ; c1 ¼ C1=V are the scaled coeffi-
cients.
We assume that the translation rate per unit

volume is proportional to cytoplasmic transcript
concentration.

3. In addition to the spontaneous degradation, for
which the degradation rate is proportional to the
amount of degrading substrate, we consider the
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catalysed degradation of cytoplasmic IkBa in com-
plexes with IKKa. The active IKK may phosphor-
ylate IkBa; which leads to its ubiquitination at
lysine-21 and lysine-22 and then to its degradation
by the 26S proteasome. Following Hoffmann et al.
(2002) we assume that the complex ðIKKajIkBaÞ
degrades (with degradation rate proportional to
its amount) and as a result the free IKKa is re-
gained, but IkBa is lost. The same we assume for the
(IKKajNF-kBjIkBaÞ complexes, the degradation of
which frees NF-kB and IKKa, but again, IkBa is lost.
Hoffmann et al. (2002) assumed that ubiquitination
and proteolysis immediately follow IkBa phosphor-
ylation. However, we expect, that in reality, both
ubiquitination and proteolysis may take several
minutes, which slows down freeing and nuclear
translocation of NF-kB: This conjecture is supported
by Yang et al. (2003, Fig. 6A) measurements showing
existence of a pool of phosphorylated IkBa appearing
8 min after IL-1b stimulation. This is why we will
modify the NF-kB nuclear transport coefficient
taking into account the time needed for ubiquitina-
tion and proteolysis. We can make such a correction,
since according to the rest of the model, all free
cytoplasmic NF-kB results from degradation of
(IKKajNF-kBjIkBaÞ complexes. Without this correc-
tion, one obtains an extremely rapid build-up of
NF-kB: As a result, Hoffmann et al. (2002), to fit
their data, had to assume that concentration of free
IkBa is much larger than that of NF-kB; which
results in slowing down the nuclear build-up of
NF-kB; but is in apparent opposition to Rice and
Ernst (1993) measurements.

2.2. Kinetics of activation and inactivation of IKK

It is assumed that the cytoplasmic complex IKK may
exist in one of three forms:

* neutral (denoted by IKKn), which is specific to
resting cells without any extracellular stimuli like
TNF or IL-1,

* active (denoted by IKKa)
* inactive, but different from the neutral form, possibly
overphosphorylated (denoted by IKKi).

Activity of the IKK kinase may be induced by various
extracellular signals including TNF, IL-1 and various
viruses through complicated and not fully resolved
transduction pathways. It coincides with serine phos-
phorylation of IKKa and IKKb and with serine/
threonine phosphorylation of IKKg: However, IKKa
and IKKb are not functionally equivalent. Only the
phosphorylation of IKKb is required for IKK activation
by TNF or IL-1. The basic role of IKKa in NF-kB
signaling is different, it enters the nucleus and in
conjunction with RelA is recruited to NF-kB responsive
promoters (Yamamoto et al., 2003; Anest et al., 2003).
Activation of IKKb results from phosphorylation of
two serine residues 177 and 181 in the activation T-loop,
and serine to alanine mutations in both of these sites
abolish IKK activation upon TNF and IL-1 stimulation
(Delhase et al., 1999) or upon Tax-directed phosphor-
ylation (Carter et al., 2001). Upon TNF stimulation, the
transformation from neutral IKK (IKKn) to active IKK
is very rapid and after 2 min one may observe an
increase in IKK activity (Delhase et al., 1999, Fig. 1A).
Further phosphorylation transforms the active IKKb

into the low-activity form (in our model considered as
inactive, IKKi). In this form (in addition to the 177 and
181 serines) the 9 or 10 COOH-terminal serines are
phosphorylated, the interaction between COOH-term-
inal activation domain and the kinase domain is
weakened, and the activity of IKK decreases (Delhase
et al., 1999, Fig. 5). Since the mutations in the 177 and
181 serine residues completely prevent IKKb phos-
phorylation, Delhase et al. (1999) concluded that
phosphorylation of COOH-terminal serines is mostly
autophosphorylation, which can only follow the T-loop
phosphorylation. However, it was not verified directly
(by switching the TNF signal off) whether or not TNF
enhances the COOH-terminal serine phosphorylation.
In the model proposed, we will follow the Delhase et al.
(1999) observation, and assume that IKK can only be
transformed into IKKi form from the IKKa form. We
also assume that the transformation rate from IKKa to
IKKi is, in part, independent of TNF.
Another crucial assumption we make is that the

transformation from IKKa to IKKi is triggered by the
cytoplasmic protein A20. This assumption follows from
a series of observations. First, Lee et al. (2000) observed
that A20 is needed to terminate NF-kB’s presence in the
nucleus. They found, that in A20-deficient (A20�=�)
mouse embryonic fibroblasts (MEFs), once NF-kB
enters the nucleus it remains there at a constant level
for at least 3 h: Since they also observed a high level of
mRNA IkBa transcript together with no free IkBa in the
cytoplasm, they concluded that in A20�=� cells the IKK
activity is persistent in contrast to wild-type cells. The
direct measurement of IKK activity in lysates from
A20�=� MEFs confirms this suggestion. In support of
this observation, Arvelo et al. (2002, Fig. 3) found that
the overexpression of A20 in HepG2 cells inhibits
IkBa degradation 15 min from the beginning of TNF
stimulation. The second observation comes from Zhang
et al. (2000) who found that A20 may bind directly to
IKKg: The binding occurs both through its N-terminal
and even more effectively, through its C-terminal (zinc
finger) region. Zhang et al. (2000) found that A20, while
lowering the IKK kinase activity (i.e. inhibiting the IkBa
phosphorylation), also augments IKK phosphorylation.
Specifically, Delhase et al. (1999) and Zhang et al. (2000)
have shown that the termination of IKK activity is due
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to its transformation into an inactive form, a species
different from the neutral form in resting cells.
It is not resolved whether A20 eases termination of

IKK activity after TNF and IL-1 stimulation, or solely
after TNF stimulation. Lee et al. (2000, Fig. 3F) found
that A20 is not important in termination of IKK and
NF-kB activity upon IL-1 stimulation. In contrast, Song
et al. (1996, Fig. 5) showed that NF-kB-dependent
luciferase activity decreases after either TNF or IL-1
stimulation with increasing concentration of the A20
expression vector.
The remaining assumptions we make regarding IKK

kinetics, are:

* IKKn is synthesized ‘‘de novo’’ with some synthesis
rate kprod :

* Each form of IKK, i.e. IKKn, IKKa and IKKi,
undergoes degradation with the same degradation
rate kdeg:

* IKKa can form transient complexes with IkBa
proteins or ðIkBajNF-kBÞ complexes. Formation of
these complexes leads to IkBa phosphorylation,
ubiquitination and degradation in proteasome. The
assumed IKK kinetics is depicted in Fig. 1.

2.3. Two-compartment kinetics of A20, IkBa and NF-kB

In this part of the model we partially make use of the
Hoffmann et al. (2002) model of the IkB–NF-kB
signaling module. While Hoffmann et al. (2002)
analysed the interplay between the three isoforms of
NF-kB inhibitory proteins IkBa; IkBb; and IkBe; we
focus on IkBa; postponing the inclusion of the other
two to a future study. More precisely, we approximate
the collective action of these three isoforms by the action
of the most active and abundant inhibitor, i.e. IkBa;
the knockout of which, in contrast to the other
Fig. 1. Transient activation of IKK. Upon TNF stimulation, neutral

IKKn is transformed into its active form IKKa, which forms the

complexes with IkBa and ðIkBajNF-kBÞ: Transformation from active

form IKKa to IKKi is enhanced by the A20 and TNF. IKKn is

synthesized de novo with synthesis rate kprod ; while each form of IKK,

i.e. IKKn, IKKa and IKKi, undergoes degradation with the same

degradation rate kdeg:
two isoforms, is lethal (Gerondakis et al., 1999, and
references therein).
In resting cells, almost all NF-kB is sequestered in

complexes with IkBa in cytoplasm. According to Rice
and Ernst (1993), IkBa is less than 15% in excess relative
to NF-kB; while Carlotti et al. (2000) conclude that the
pool of free IkBa is of the order of 10% of total IkBa
and it is distributed between the nucleus and cytoplasm.
The ratio of free IkBa nuclear-import/nuclear-export
rates was estimated by Carlotti et al. (2000) to be equal
to 2, which is supported also by experiments by Yang
et al. (2001, Fig. 1), where upon gross overexpression of
IkBa-EGFP; when IkBa is likely to be present largely
free of NF-kB; the ratio of nuclear to cytoplasmic
fluorescence is of the order of 2–3. Note that the ratio of
import/export rates corresponds to the ratio of nuclear
to cytoplasmic concentrations (which can be measured
in fluorescence experiments), rather than to the ratio of
nuclear and cytoplasmic amounts, which depends both
on concentrations and compartment volumes. In resting
wild-type cells, IkBa is observed only in the cytoplasm
where it remains bound to NF-kB; not in the nucleus
(Rodriguez et al., 1999, Fig. 3), which also confirms that
the pool of free IkBa is relatively small.
As already stated, upon the TNF stimulation IKK is

transformed into its active form IKKa, and in this form
it forms complexes with IkBa and ðIkBajNF-kBÞ; which
leads to IkBa phosphorylation, ubiquitination, and
degradation. The free NF-kB rapidly enters the nucleus
where it may bind to specific kB sites in the A20 and
IkBa promoters and activate their expression. The newly
synthesized A20 enhances IKK inhibition, while the
newly synthesized IkBa enters the nucleus, binds to
NF-kB and takes it out into cytoplasm. Then the cycle
may be repeated, but since the IKK activity is already
lowered by A20, the amplitude of the subsequent cycles
is smaller.
The first cycle takes about 1 h; the following ones are

longer. The first active IKK appears after 2 min of TNF
stimulation (Delhase et al., 1999, Fig. 1A), the degrada-
tion of cytoplasmic ðIkBajNF-kBÞ takes several minutes
and after 10 min the free NF-kB is present in the nucleus
(Hoffmann et al., 2002, Fig. 2E). The peak of IKK
activity is attained after 10–15 min from the beginning
of stimulation (Delhase et al., 1999, Fig. 1A; Lee et al.,
2000, Fig. 3E), at the peak the large fraction of all of
IKK is in its active form. Then A20, the mRNA
transcript of which is rapidly synthesized upon NF-kB
activation (Lee et al., 2000, Fig. 2D), inhibits IKK
activity by accelerating its transformation into the
inactive form IKKi. Since the difference between wild-
type and A20�=� cells (A20�=�) is visible 30 min after
the beginning of TNF stimulation (Lee et al., 2000,
Fig. 2E), we can deduce that the translation of A20 also
proceeds rapidly. The IkBa synthesis and translation are
also rapid. After synthesis IkBa enters the nucleus and
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Fig. 2. Schematic depiction of the model. Upon TNF stimulation,

neutral IKKn is transformed into its active form IKKa. Active IKKa

forms complexes with IkBa and ðIkBajNF-kBÞ; and strongly catalyses
IkBa degradation. Liberated NF-kB enters the nucleus where

it binds to kB motifs in A20, IkBa or other gene promoters. The

newly synthesized IkBa enters the nucleus and leads NF-kB again to

cytoplasm, while newly synthesized A20 triggers transformation of

IKKa into inactive IKKi. The bold arrows stand for very fast

dynamics, with characteristic time-scales of a minute or shorter.
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leads NF-kB into cytoplasm. After 60–75 min; almost
no NF-kB is left in the nucleus. The complete kinetics of
the model is depicted in Fig. 2.
Note that the NF-kB kinetics would be quite

different, if initially there was a large pool of free IkBa
in the nucleus. In this case, the entering NF-kB would
rather bind to nuclear portion of IkBa; and then the
ðIkBajNF-kBÞ complexes would be shuttled out of the
nucleus into cytoplasm, where IkBa would be again
degraded. This would imply that the typical NF-kB
molecule would have to circulate between cytoplasm
and nucleus until there is no (or little) IkBa in the
nucleus.

2.4. Equations

In this section, we give and discuss the equations of
the model following the assumed kinetics. Upper-case
letters denote molar concentration of molecules and
their complexes. Nuclear concentration is represented by
subscript n; while the subscript c denoting concentration
of substrate in the cytoplasm is now omitted, to simplify
the notation. Concentration of the mRNA transcript of
A20, IkBa and cgen is denoted by subscript t:
Notation guide:

* IKKn—cytoplasmic concentration of neutral form of
IKK kinase,
* IKKa—cytoplasmic concentration of active form of
IKK,

* IKKi—cytoplasmic concentration of inactive form of
IKK,

* IkBa—cytoplasmic concentration of IkBa;
* IkBan—nuclear concentration of IkBa;
* IkBat—concentration of IkBa mRNA transcript
calculated per cytoplasmic volume V ;

* ðIKKajIkBaÞ—cytoplasmic concentration of com-
plexes of IKKa and IkBa;

* (NFkBnjIkBanÞ—nuclear concentration of complexes
of NF-kB and IkBa; notation for the remaining
complexes is analogous (we will write NFkB instead
NF-kB in equations),

* TR—logical variable, TR ¼ 1 if signal (e.g. TNF or
IL-1) is present, TR ¼ 0 if no signal is present,

* kv ¼ V=U—the ratio of cytoplasmic and nuclear
volumes.

IKK in the neutral state IKKn: The first term describes
IKKn synthesis ‘‘de novo’’, the second describes
degradation, while the last one depletion of IKKn d
ue to its signal-induced transformation into active
form IKKa:

d

dt
IKKnðtÞ ¼ kprod � kdeg IKKnðtÞ � TRk1 IKKnðtÞ: ð9Þ

IKK in the active state IKKa: The first two lines
represent formation of IKKa from IKKn upon the
signal activation, depletion of IKKa, due to transforma-
tion into inactive form IKKi, spontaneous and induced
by A20, and its degradation. We assumed that the signal
(TR ¼ 1) is needed for the catalytic action of A20 and
that this action is proportional to the density of A20,
without any saturation. This assumption is justified by
the observation of Song et al. (1996), who found that
NF-kB luciferase decreases monotonically with the
concentration of A20 expression vector increasing 30-
fold. The third and fourth lines describe depletion of free
IKKa due to formation of complexes ðIKKajIkBaÞ and
its recovery after catalytic degradation of these com-
plexes. The fifth and sixth lines represent changes in
IKKa concentration due to formation and catalytic
degradation of trimolecular complexes

d

dt
IKKaðtÞ ¼TRk1 IKKnðtÞ � k3 IKKaðtÞ

� TRk2 IKKaðtÞ A20ðtÞ

� kdeg IKKaðtÞ � a2 IKKaðtÞ IkBaðtÞ

þ t1ðIKKajIkBaÞðtÞ

� a3 IKKaðtÞðIkBajNFkBÞðtÞ

þ t2ðIKKajIkBajNFkBÞðtÞ: ð10Þ

IKK in the inactive state IKKi: The first two
terms correspond to the formation of inactive IKKi
from IKKa upon spontaneous inactivation and the
catalytic action of A20, while the third term describes
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degradation:

d

dt
IKKiðtÞ ¼ k3 IKKaðtÞ þ TRk2 IKKaðtÞ A20ðtÞ

� kdeg IKKiðtÞ: ð11Þ

IKKajIkBa complexes: Equation represents formation
of ðIKKajIkBaÞ complexes and their degradation.
Protein IkBa is catalytically degraded due to phosphor-
ylation caused by IKKa, while free IKKa is recovered
(see the fourth line of Eq. (10)):

d

dt
ðIKKajIkBaÞðtÞ ¼ a2 IKKaðtÞ IkBaðtÞ

� t1ðIKKajIkBaÞðtÞ: ð12Þ

ðIKKajIkBajNF -kB) complexes: Described by their
formation due to association between IKKa and
ðIkBajNF-kBÞ complexes and degradation due to
catalytic activity of IKKa:

d

dt
ðIKKajIkBajNFkBÞðtÞ

¼ a3 IKKaðtÞðIkBajNFkBÞðtÞ

� t2ðIKKajIkBajNFkBÞðtÞ: ð13Þ

Free cytoplasmic NF -kB: The first line represents
liberation of free NF-kB due to dissociation of
ðIkBajNF-kBÞ complexes and its depletion due to
formation of these complexes. The second line accounts
for liberation of NF-kB due to the catalytic activity of
IKKa. The last line describes transport of free cyto-
plasmic NF-kB to the nucleus:

d

dt
NFkBðtÞ ¼ c6aðIkBajNFkBÞðtÞ � a1NFkBðtÞ IkBaðtÞ

þ t2ðIKKajIkBajNFkBÞðtÞ

� i1 NFkBðtÞ: ð14Þ

Free nuclear NF -kB: The first term describes trans-
port into the nucleus adjusted to the nuclear volume by
the coefficient kv ¼ V=U : The second term represents
depletion of free NF-kB due to the association with
nuclear IkBa:

d

dt
NFkBnðtÞ ¼ i1kv NFkBðtÞ � a1 IkBanðtÞ NFkBnðtÞ:

ð15Þ

A20 protein: Described by its mRNA synthesis and
constitutive degradation:

d

dt
A20ðtÞ ¼ c4 A20tðtÞ � c5 A20ðtÞ: ð16Þ

A20 transcript: As already stated, the concentration of
the transcripts is calculated using the cytoplasmic
volume. The first term stands for constitutive A20
mRNA synthesis and the second term for NF-kB
inducible synthesis, while the last term describes
degradation of the transcript:

d

dt
A20tðtÞ ¼ c2 þ c1 NFkBnðtÞ � c3 A20tðtÞ: ð17Þ

Free cytoplasmic IkBa protein: The first line accounts
for association with IKKa and NF-kB; respectively. The
second line describes formation of the IkBa protein due
to the mRNA synthesis and the constitutive degradation
of IkBa: The last line represents transport into and out
of the nucleus:

d

dt
IkBaðtÞ ¼ � a2 IKKaðtÞ IkBaðtÞ � a1 IkBaðtÞ NFkBðtÞ

þ c4a IkBatðtÞ � c5a IkBaðtÞ

� i1a IkBaðtÞ þ e1a IkBanðtÞ: ð18Þ

Free nuclear IkBa protein: The first term corresponds
to the association with nuclear NF-kB; and the other
terms represent the transport into and out of the nucleus
adjusted for nuclear volume by the coefficient kv:

d

dt
IkBanðtÞ ¼ � a1 IkBanðtÞ NFkBnðtÞ þ i1akv IkBaðtÞ

� e1akv IkBanðtÞ: ð19Þ

IkBa transcript: The first term stands for constitutive
IkBamRNA synthesis and the second term for inducible
synthesis, while the last term describes degradation of
transcript:

d

dt
IkBatðtÞ ¼ c2a þ c1a NFkBnðtÞ � c3a IkBatðtÞ: ð20Þ

Cytoplasmic (IkBajNF -kBÞ complexes: The first line
describes formation of the complexes due to IkBa and
NF-kB association and their subsequent degradation.
The first term in the second line represents depletion of
the (IkBajNF-kBÞ complexes due to the catalytic activity
of IKKa. The last term represents transport of the
complex from the nucleus:

d

dt
ðIkBajNFkBÞðtÞ ¼ a1 IkBaðtÞNFkBðtÞ

� c6aðIkBajNFkBÞðtÞ

� a3IKKaðtÞðIkBajNFkBÞðtÞ

þ e2aðIkBanjNFkBnÞðtÞ: ð21Þ

Nuclear ðIkBajNF -kBÞ complexes: Described by their
formation due to IkBa and NF-kB association and their
transport out of the nucleus adjusted for the nuclear
volume:

d

dt
ðIkBanjNFkBnÞðtÞ ¼ a1 IkBanðtÞ NFkBnðtÞ

� e2akvðIkBanjNFkBnÞðtÞ: ð22Þ

Control gene transcript: The first term stands for
constitutive cgen mRNA synthesis and the second
term for inducible synthesis, while the last describes
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degradation of transcript:

d

dt
cgentðtÞ ¼ c2c þ c1c NFkBnðtÞ � c3c cgentðtÞ: ð23Þ

Hoffmann et al. (2002) also took into account
spontaneous dissociation of ðIkBajNF-kBÞ complexes,
association between ðIKKajIkBa) and NF-kB; and
transport of free NF-kB out of the nucleus. We found
that these processes have no significant impact on
dynamics studied and we disregard them to simplify
the model.
3. Results

To validate the proposed model, we analysed its
ability to reproduce the data from Lee et al. (2000) and
Hoffmann et al. (2002) experiments on mouse fibro-
blasts. Lee et al. (2000) measured the response of wild-
type and A20-deficient cells to a persistent TNF signal.
For both types of cells, Lee et al. collected data on IkBa
mRNA, cytoplasmic IkBa; NF-kB; IKKb (the key
component of IKK) and IKK kinase activity, this latter
estimated in an immunoprecipitation-kinase assay using
GST-IkBa as a substrate. Additionally, for wild-type
cells, they measured A20 mRNA levels. Hoffmann et al.
(2002) measurements involve wild-type cells, and cells
with knockout of one or two of the IkB isoforms
(IkBa; IkBb; IkBe). Since in our approximate model
IkBa represents all these isoforms, we use only his data
on wild-type cells for persistent and pulse-like TNF
activation. We will compare our predictions with his
measurements of NF-kB; for persistent TNF activation
and pulse-like activation for 15 and 60 min; and of
cytoplasmic IkBa for persistent TNF activation. The
most important data we miss is the evolution of the level
of protein A20. The protein is probably unstable, or
catalytically degraded and thus hard to measure. We
also have no information on the very unstable bi- and
trimolecular complexes containing IKK, but since these
complexes are short-lasting their molar densities are
relatively small. It follows from the model that NF-kB is
either free in the nucleus, or it is sequestered in
cytoplasmic complexes with IkBa: The reason is that
the free cytoplasmic NF-kB either quickly binds to IkBa
or it quickly enters the nucleus, while ðIkBajNF-kBÞ
complexes are shuttled out of the nucleus. Nevertheless,
the additional data on molar concentration of cytoplas-
mic and nuclear ðIkBajNF-kBÞ complexes will even-
tually verify this hypothesis. Despite the fact that this
additional data could remove the ambiguities of
the model, the data already collected enable us to trace
the time behavior of majority of the most important
variables in the pathway considered.
Because of a large number of undetermined para-

meters, model fitting is not easy. We decided to carry
out the fit ‘‘manually’’ rather than to try to quantify the
data, which is in the form of blots, and then to apply one
of the fitting engines available. The first reason is that
such quantification is by no means unique, the second is
that when fitting, we have to take into account diverse,
usually not precise, information coming from different
researchers and our own intuitive understanding of the
process. We applied the following fitting method:
(1)
 Start from a reasonable set of parameters, which
produces a correct steady state in the absence of
TNF signal.
(2)
 Proceed with the signal initiated by TNF along the
autoregulation loop.
(3)
 Iterate item 2 until the fit to all the data is
satisfactory.
The observation (Rice and Ernst, 1993) that in resting
cells there is no more than 15% of all IkBa; which is not
complexed with NF-kB imposes the upper bound on
IkBa mRNA constitutive synthesis coefficients c2a: We
set c2a ¼ 0; which gives roughly 5% excess of IkBa with
respect to NF-kB: On a first glimpse it may be surprising
that no constitutive IkBa synthesis is needed for NF-kB
inhibition in resting cells. However, in fact, if there is not
enough IkBa to sequester NF-kB in the cytoplasm, some
of NF-kB enters the nucleus and triggers IkBa synthesis,
up to the point when amount of IkBa is sufficient to
keep most of NF-kB in cytoplasm. In the resting cells,
this autoregulation is so efficient that even after
lowering the coefficient of IkBa inducible synthesis
ten-fold from ‘‘the best fit value’’, the total amount of
IkBa remains almost unchanged and still over 90% of
NF-kB is sequestered by IkBa:
The TNF signal first causes IKK activation (e.g.

transformation of IKKn into IKKa), and as a result the
activated IKKa initiates degradation of cytoplasmic
ðIkBajNF-kBÞ and of a small pool of cytoplasmic IkBa;
enabling the free NF-kB to enter the nucleus. Once
NF-kB builds up in the nucleus it upregulates the
transcription of the A20 and IkBa genes. As stated
in item 2, we first fit the coefficients regulating IKK
activation (using the Lee et al. (2000) data on IKK
activity), then the coefficients regulating the cytoplasmic
ðIkBajNF-kBÞ and IkBa degradation and so forth.
If there were no feedback loops in the pathway, the

proposed method would be quite efficient, but since they
exist it is necessary to iterate the signal tracing several
times, until the fit is satisfactory. It is not obvious
whether the method, in general, converges, but it seems
so, provided we start from a relatively accurate set of
parameters and provided that the model approximates
the true regulatory mechanism reasonably well.
It is not easy to find a fitting set of parameters, but

once the satisfactory fit is found, it is not difficult to find
other sets which are almost equivalent. This ambiguity is
mostly caused by the lack of measurements of absolute
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values of protein or mRNA concentrations. The data at
our disposal only trace the time behavior expressed in
arbitrary units. The action exerted by some components
of the model onto the rest of the pathway is determined
by their concentration multiplied by undetermined
coupling coefficients. Hence, once we have a good fit,
we may obtain another one, using a smaller coupling
coefficient and a proportionately larger absolute level.
For example, the average level of A20 protein is
governed by a score of coefficients, and so having no
independent data on these coefficients we can set the
level high or low, and then tune parameter k2 so as to
adjust the action of A20 protein to a right level. There
also exist single parameters, the value of which can be
changed in a very broad range without a significant
influence on the time behavior of any substrate or
complex the data for which are at our disposal.

3.1. The details of numerical solution

Since we observe both slow and fast dynamics in the
model, and some variables (like IKKajIkBa) have very
sharp kinks, a good solver is essential. Moreover, to
carry out the parameter fitting one has to run the
program many times. The fourth-order MATLAB
solver was found to be an efficient tool. The time
behavior of all 15 variables is presented in Figs. 3 and 4.
All the plots correspond to the parameter values in
Tables 1–4 in the Appendix. The simulation was
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Fig. 3. Numerical solution corresponding to wild-type cells. Persistent TNF

while time (horizontal axis) is in hours. See the text for description of time
performed for wild-type cells, in which all genes were
active. To reach the resting cell equilibrium state, we
start the simulation 101 h prior to the signal being
turned on. The last hour of this stage is shown.
At t ¼ 1 h the rectangular TNF signal is turned on for

6 h to the end of the simulation time, Fig. 3A. In the
resting phase, there is only IKK in the neutral non-
active state IKKn. Under the TNF signal, IKKn is
quickly transformed into the active state IKKa and then
into the inactive state IKKi. The persistent TNF
activation causes a pulse activation of IKK, followed
by a relatively low tail, Fig. 3C. As we will see, even this
‘‘tail’’ activity is high enough to influence the rest of the
pathway. The pulse of IKKa initiates the cascade. First,
(Fig. 3E) the small pool of free cytoplasmic IkBa; and
(Fig. 3F) cytoplasmic complexes ðIkBajNF-kBÞ are
degraded. The released NF-kB leads out the small pool
of free nuclear IkBa (Fig. 3G) and then builds up in
the nucleus (Fig. 3H). Since there is much more enter-
ing NF-kB than nuclear IkBa; the evacuation of
ðIkBajNF-kBÞ complexes out of nucleus causes only
the small delay in the NF-kB nuclear build-up. The
nuclear NF-kB upregulates mRNA expression of both
IkBa and A20 (Figs. 3I and J). The peaks in IkBa and
A20 transcript level, at 47 min from the beginning of
TNF stimulation, are followed by peaks (at 53 and
82 min) in the corresponding free cytoplasmic protein
concentrations (Figs. 3E and K). The newly synthesized
IkBa enters the nucleus (Fig. 3G) and leads almost all
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NF-kB out of it (Fig. 3H), while A20 triggers IKK
inactivation. The IKK inactivation may also proceed
independently of A20, but A20 makes this inactivation
more efficient, which decreases the level of IKKa.
In Fig. 4, we show the dynamics of the four last

variables the time behavior of which is quite different
from those in Fig. 3. The corresponding concentrations
are also in general lower. The concentrations of
(IKKajIkBa) (Fig. 4A) and (IKKajIkBajNF-kBÞ (Fig.
4B) are small because the phosphorylation of IkBa
proceeds very fast and these complexes are unstable.
There is also little of the nuclear ðIkBajNF-kBÞ
(Fig. 4C), because these complexes are effectively
transported out of nucleus, so their nuclear concentra-
tion is small when compared to the cytoplasmic
concentration. In Fig. 4D, the free and phospho-IkBa
bound cytoplasmic NF-kB is shown. In fact, the free
NF-kB almost immediately enters the nucleus, but
according to our consideration (see Section 2.1) there
is some pool of NF-kB; which is bounded to already
phosphorylated, but not yet ubiquitinated or fully
degraded IkBa: This explains the narrow high peak in
Fig. 4D. In Figs. 4E and F, we show the free and total
cytoplasmic IkBa; the last being the sum of free and
NF-kB bounded IkBa: Since IkBa is stripped of NF-kB
before blotting, the total cytoplasmic IkBa is measured
in Western blots expression analysis and thus must be
used for fitting. In contrary to IkBa in Lee et al. (2000)
and Hoffmann et al. (2002) experiments, NF-kB is
assayed by electrophoretic mobility shift assay (EMSA).
In this method one measures the amount of DNA-
bound NF-kB; which is expected to be proportional to
the amount of free NF-kB:
It is worthwhile to note that upon a persistent TNF

stimulation, for this specific choice of parameter values,
the system asymptotically stabilizes in its single steady
state at which nuclear free NF-kB concentration equals
0:084 mM: This implies that 28% of all NF-kB remains
free in the nucleus. This concentration of NF-kB results
in 1:05� 10�4 mM asymptotic concentration of the
mRNA of the control gene.

3.2. The fits

Typical experimental data at our disposal consist of
measurements made in time points that are not
uniformly distributed. The non-uniform distribution
reflects the fact that during the first hour the oscillations
are more rapid and more measurements are needed to
accurately trace the dynamic. Therefore, to compare our
solutions with experimental data, we rescale the time
coordinate, i.e. we calculate the values of corresponding
functions in the same time points as in the experiment,
and then to guide the eye we connect the resulting
discrete points by straight-like segments, thus obtaining
a saw-like graph. As already stated, the data were
obtained from studies of mouse fibroblasts by two
independent experimental groups. Despite the fact that



ARTICLE IN PRESS

Fig. 5. Model predictions versus Hoffmann et al. (2002) measurements on wild-type cells. The time coordinate is rescaled, and the values of

corresponding functions are calculated based on fitted parameters, at the same time points as in the experiment. NF-kB was assayed by EMSA.

Concentrations are given in mM: (A) NF-kB during persistent 6 h-long TNF stimulation. (B) Cytoplasmic IkBa protein from the same experiment.

(C) NF-kB at and after 15 min-long TNF stimulation. (D) NF-kB at and after 60 min-long TNF stimulation.
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there are some discrepancies in their results, we decided
to fit the model to these two sets of data using the same
set of parameters, see Tables 1–3 in Appendix.
First, let us focus on the Hoffmann et al. (2002)

experiments on wild-type cells. In Fig. 5A, we compare
our prediction with data on NF-kB (Hoffmann et al.,
2002, Fig. 2E), assayed by (EMSA), during persistent
6 h long TNF activation, while in Fig. 6B we show our
fit for the cytoplasmic IkBa protein from the same
experiment. Both fits seem almost perfect during the first
two hours. Subsequently, it seems that the oscillations
predicted by our model have a slightly shorter period,
and in the case of cytoplasmic IkBa also a smaller
amplitude. In Figs. 5C and D we have data (Hoffmann
et al., 2002, Fig. 3) on nuclear NF-kB but with the TNF
signal lasting for 15 and 60 min; respectively. The pulse
of NF-kB lasts for about 1 h both for 15 and 60 min
long TNF activation, which well agrees with our
predictions. This somehow surprising effect is due
to the pulse-like activation of IKK. Termination of
this activation is in large part independent of the
TNF signal.
Now, let us concentrate on the Lee et al. (2000) data

on both wild-type and A20�=� cells. The A20�=� cells
are simulated by setting A20 mRNA synthesis coeffi-
cient to zero, c1 ¼ 0: In Fig. 6A we depict data (Lee
et al., 2000, Fig. 2D) on the A20 mRNA transcript,
indicating that, in accordance with the model, A20 is a
fast, highly inducible gene. In Fig. 6B we show that the
amount of IKK measured by immunoprecipitation by
IKKg antibody remains almost constant. This agrees
with our predictions: Since we assume the same
degradation constants for all three IKK forms, their
summary concentration IKKnþ IKKaþ IKKi remains
also constant, for both type of cells. In Figs. 6C and D
we depict data from Lee et al. (2000, Fig. 3E) on IKK
kinase activity for wild-type cells (Fig. 6C) and A20�=�

cells (Fig. 6D) assessed using the GST-IkBa substrate.
Since in our model the only active form of IKK is IKKa,
we compare this pulse of activity with the profile of
IKKa molar concentration. The fit seems perfect for
wild-type cells, while for A20�=� cells our model misses
the 30 min minimum, which may suggest existence of
some other unresolved regulatory mechanisms. How-
ever, the main difference between wild-type and A20�=�

cells, which is in the level of activation in the tail
following the peak, is well predicted by the model. As we
will see in Fig. 7 this difference in IKK activity is
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Fig. 6. Model predictions versus measurements by Lee et al. (2000) on wild-type cells and A20 deficient cells with persistent TNF stimulation. The

time coordinate is rescaled, and the values of corresponding functions are calculated based on the fitted parameters, at the same time points as in the

experiment. The concentrations are given in mM: (A) A20 mRNA for wild-type cells. (B) Model-predicted total IKK ¼ IKKn þ IKKa þ IKKi versus

experiment, wild type in upper panel, and A20�=� in lower panel. According to the model total IKK remains constant. (C and D) Model-predicted

IKKa versus IKK kinase activity, respectively for wild-type and A20�=� cells.
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amplified in the rest of the system response. In Figs. 7A
and B we compare the profiles of IkBa protein for wild-
type and A20�=� cells. In both types of cells, the TNF
signal causes an equally sharp decrease in the IkBa level,
but in wild-type cells, the IkBa rebounds 60 min after
the start of the TNF treatment. The fact that IkBa is not
detectable in A20�=� cells is caused by the prolonged
IKK activity, which is sufficiently high to degrade much
of the newly synthesized protein. This is in general
agreement with our model, which predicts that IkBa
in A20�=� cells remains at a relatively low, possibly
undetectable level. For wild-type cells, our model
produces a second minimum after 2 h; which agrees
with the measurements of Hoffmann et al. (2000), but
not with those of Lee et al. (2000) where after 2 h the
IkBa level is still high. However, such differences can be
due to different cell culture used in both experiments.
In Fig. 7D, we observe that the IKK in A20�=� cells
dysregulates NF-kB activity; once NF-kB accumulates
in the nucleus it remains there throughout the TNF
stimulation. In the wild-type cells, NF-kB also accumu-
lates in the nucleus 30 min after the start of TNF
treatment, but the newly synthesized IkBa binds to it
and leads it into cytoplasm, Fig. 7C. For both types of
cells the maximum concentration of NF-kB; after
30 min; assayed by EMSA, appears to be comparable.
This suggests that almost all the protein is then in
the nucleus, which agrees with our predictions. The
prolonged NF-kB activation in A20�=� cells leads to
two-fold higher IkBa mRNA abundance at the end of
TNF stimulation (Fig. 7F) compared to that observed in
wild-type cells (Fig. 7E). Note that in our case, the high
level of mRNA transcript coincides with the low protein
level, which is much smaller in A20-deficient cells than
in wild-type cells.

3.3. Analysis of the regulatory mechanisms in the system

The NF-kB regulatory system we proposed involves
two activators, IKK and NF-kB; and two inhibitors,
A20 and IkBa:We now analyse how the system behaves
at various inhibitor and activator levels.
In Fig. 8, we show the dynamics of total cytoplasmic

IkBa; free NF-kB and cgen mRNA level during
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Fig. 7. Model predictions versus Lee et al. (2000) measurements, continued from Fig. 6. (A and B) total cytoplasmic IkBa; respectively for wild-type
cells and A20�=� cells. (C and D) NF-kB assayed by EMSA, respectively, for wild-type cells and A20�=� cells. (E and F) mRNA IkBa transcript,
respectively, for wild-type cells and A20�=� cells. Note the inverse correspondence between transcript and protein levels, panels A and E, and B

and F.
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persistent TNF stimulation. First, calculated for the best
fit parameters (reference case, see Tables 1–4 in the
Appendix), then with A20 or IkBa mRNA transcription
coefficients c1 or c1a elevated three-fold with respect to
the best fit value (the other coefficients are unchanged).
The higher level of A20 mRNA transcript leads to a
higher level of A20 protein (not shown). Since A20
inactivates IKK, higher level of A20 lowers the peak of
IKKa and, even more importantly its tail (not shown).
The effect of lower IKK activity is that it takes longer to
degrade IkBa; and as a result the oscillation period is
longer (compare Fig. 7E with B). The oscillations are
much less damped, but still the system under an
extended TNF activation reaches the steady state
characterized by a lower level of free NF-kB (0.053
versus 0:084 mM in reference case) and proportionately
lower level of cgen mRNA concentration (6:7� 10�5

versus 1:05� 10�4 mM). It is interesting to observe that
although the asymptotic level of mRNA IkBa is now
substantially lower (6:7� 10�5; versus 1:05� 10�4 mM
in reference case), the asymptotic level of the total IkBa
cytoplasmic protein is slightly higher (0.0555 versus
0:051 mM), which is due to a lower IKK activity. Again,
we observe the inverse correspondence between IkBa
message and protein. For even larger c1; the stability of
the steady state is lost and for 3:5� 10�4\c1\2:5�
10�6; the system under extended TNF activation reaches
a periodic orbit. Only for unrealistically large c1\3:5�
10�4 the oscillations are again damped and the system
reaches a steady state.
After changing the IkBa mRNA coefficient c1a to

a level three times higher than the reference level
(Figs. 8G–I), the oscillations are less damped than in
the reference case, but the system still converges to a
steady state. A higher level of IkBa mRNA leads in this
case to a higher IkBa protein level, and consequently to
a lower asymptotic level of free NF-kB (asymptotic
value 0:049 mM) and mRNA of A20 and of the cgen
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Fig. 8. Dynamics of total cytoplasmic IkBa; free NF-kB and cgen mRNA level during persistent TNF stimulation (started at 1 h). In panels A–C, the

fitted parameters were used. In panels D–F, A20 mRNA transcription coefficient c1 was elevated three-fold with respect to the best fit value. In panels

G–I, IkBa mRNA transcription coefficient c1a was elevated three-fold with respect to the best fit value. The concentrations are given in mM; time is in
hours.
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(6:2� 10�5 mM). For even larger c1a; the stability of the
steady point is lost and for c1a in the relatively narrow
range 8� 10�6\c1a\5� 10�6; the system has a stable
periodic orbit. Let us note that a three-fold elevation of
the mRNA synthesis coefficient of any two inhibitors
causes a comparable decrease in the level of cgen: to
6:7� 10�5 mM in the case when the production term of
mRNA IkBa is elevated and to 6:2� 10�5 mM when
production of A20 is elevated.
In Fig. 9, we analyse the system response caused by

the change of IKK or NF-kB levels, the reference case is
shown in Figs. 8A–C. A three-fold increase in IKK
production rate (Figs. 9A–C) causes strong damping of
the oscillations and, as expected, an increase in average
levels of free NF-kB (asymptotic value 0:127 mM) and
mRNA levels of IkBa; A20 and cgen, the asymptotic
value of which is now cgent ¼ 1:59� 10�4 mM: Low-
ering the IKK production rate causes an effect similar to
that of increasing the A20 transcription rate, and
correspondingly, the effect caused by increasing IKK
production rate resembles the effect caused by lowering
the A20 transcription rate. These findings indicate a
tight regulation between IKK and its inhibitor A20.
Interestingly, the three-fold increase of transcription
coefficients of IkBa; A20 or of the IKK production rate
causes relatively smaller deviation (less than 50%) in the
level of cgen, which indicates good regulatory properties
of the considered module.
Since NF-kB is the principal activator in the module,
we consider both its three-fold increase (Figs. 9–F) and
threeold decrease (Figs. 9G–I). Since the total amount
of NF-kB is assumed to be constant it is adjusted by
changing the initial condition, i.e. the value of the
coefficient NF : An increase in total NF-kB makes the
oscillations less dampened but the system, under
persistent activation, still converges to a stable state.
The average level of free NF-kB is higher (with
asymptotic value 0:161 mM), which implies higher
average levels of mRNA of IkBa; A20 and of the cgen,
(the asymptotic value of which is 2:02� 10�4 mM) but
strong oscillations in their levels are present. A three-
fold increase of NF-kB has a much stronger effect on the
rest of the regulatory module than the same change of
IKK or of the two inhibitors. Interestingly, an increase
of NF-kB triggers the oscillations, while the increase of
the second activator IKK shuts them down. It is
necessary to be very cautious in making such predictions
since it is quite possible that in reality such large increase
in NF-kB nuclear level will cause a much smaller
increase of mRNA transcription speed, which, even for
the endogenous NF-kB level, is close to the physiolo-
gical maximum (see appendix). The NF-kB decrease
also has significant consequences. It smoothes out the
oscillations and causes the asymptotic levels of mRNA
of IkBa; A20 and of the cgen (5:0� 10�5 mM) to become
almost twice lower than in the reference case.
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Fig. 9. Dynamics of main variables during persistent TNF stimulation (started at 1 h). In panels A–C, the IKKn production rate kprod was elevated

three-fold with respect to the best fit value. In panels D–F, the total NF-kB amount was elevated three-fold with respect to the best fit value. In panels
G–I, the total NF-kB amount was lowered three-fold with respect to the best fit value. All plots should be compared with Fig. 8A, in which the best
fit parameters were used.
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4. Model limitations

The proposed model involves a very restricted number
of components: RNA transcripts, proteins and com-
plexes, which were found to be the most important ones.
Using this limited number of components we attempted
to model the NF-kB regulatory module, which in fact
involves a much larger set of components, and whose
true kinetics is much more complicated. There are two
main reasons for the simplifications we made. First, we
do not have enough data, second a more elaborate
model would be possibly too difficult to analyse; at least
the parameter fitting would be both very difficult and
ambiguous. Let us point out the main simplifications
and implicit assumptions of the model:

1. The two model components: NF-kB or IKK are
protein complexes themselves, and the complicated
kinetics leading to their formation is neglected. The
predominant form of NF-kB is a heterodimer
composed of RelA (p65) and NF-kB1 (p50). While
RelA is synthesized as a mature product, the second
component is synthesized as a large precursor p105,
containing an N-terminal Rel homology domain, and
C-terminal ankyrin repeat domain, homologous with
IkB proteins. Then, a C-terminal of p105 is cleaved
out to produce p50. This proteolytic processing is
possibly signal dependent (via phosphorylation on C-
terminus; MacKichan et al., 1996) and requires
polyubiquitination. Moreover, the synthesis of p105
is NF-kB dependent. Fortunately, the synthesis of
RelA, the crucial NF-kB component, appears to be
signal independent and constant. This is why we
expect that the production of NF-kB heterodimers is
constant and may be balanced by degradation, and
we assume that total amount of NF-kB remains
constant. Similarly, the unresolved kinetics leading to
formation of IKK tetrameric complexes is approxi-
mated in our model by de novo synthesis with a
constant production term.

2. The inhibitory proteins A20 and IkBa mimic a
collective action of groups of inhibitors. IkBa
represents a collective action of whole IkB family,
but also for p105 and p100, whose C-terminus,
homologous to IkB; may account for their inhibitory
action. Similarly, although it was found recently
(Heyninck et al., 2003) that the A20-binding
inhibitors of NF-kB activation (ABINs) may act
independently of A20, and that overexpression of
ABIN-1 or ABIN-2 mimics the NF-kB inhibiting
effect of A20, our model accounts only for A20.
Besides, the model only accounts for the A20
inhibitory action which is on the level of IKK
deactivation, while the interaction of A20 with
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TNF receptor-associating factors TRAF1 and
TRAF2 (Song et al., 1996) is not explicitly taken
into account.

3. The implicit assumption we made in our modeling is
that all other proteins, some known, some unknown,
which we do not account for in the pathway, remain
at their normal levels. There are several proteins, like
Caspase-8, GSK-3, FADD, FLIP, MEKK3, T2K,
involved in TNF-NF-kB signaling, the knockout of
which leads to the embryonic lethality (Wajant et al.,
2003 and references therein). However, despite the
fact that their existence is needed for the functioning
of the considered autoregulatory module, we do not
take them explicitly into account assuming that they
are not involved in any feedback loops with NF-kB;
and restricting the model predictions to the case when
they remain at their normal levels. Similarly, we do
not take into account any possible feedback loop
involving the NF-kB dependent genes other than A20
and IkBa: Since NF-kB regulates expression of
hundreds of various genes, these additional feedback
loops are likely to be discovered.

4. There is a large number of the so-called late genes,
which are NF-kB regulated and which contain kB
sites in their promotory regions, but whose tran-
scripts start to accumulate several hours after the
NF-kB entering the nucleus. Possibly the additional
factors are needed to stimulate their transcription,
but the problem is not resolved yet. Our model may
not produce any predictions for the kinetics of these
late genes.

5. A number of recent studies support the conjecture
that RelA phosphorylation may be necessary for
transcriptional competence of NF-kB (Ghosh and
Karin, 2002, and references therein). In the model, we
simply assume that the NF-kB is in a state in which it
is capable of regulating transcription. The two recent
experiments of Yamamoto et al. (2003) and Anest
et al. (2003) indicated that IKKa is a possible nuclear
coactivator of the IkBa and IL-8 promoters. Both
groups have found that IKKa interacts with the
CREB-binding protein and in conjunction with RelA
it is requited to NF-kB responsive promoters and
mediates the cytokine-induced phosphorylation
and subsequent acetylation of specific residues in
histone H3, which is critical for NF-kB-induced gene
expression.
5. Discussion

The present paper is the second to analyse the
complex NF-kB regulatory module by means of a
relatively simple mathematical model, which takes into
account a limited number of proteins and their
complexes. The first attempt was made by Hoffmann
et al. (2002) who concentrated on the interplay between
IkB isoforms: IkBa; IkBb; and IkBe: In our work, we
approximated the collective action of all IkB isoforms
by the IkBa; which is the most active and abundant one,
and the knockout of which, in contrast to the other two
isoforms, is lethal (Gerondakis et al., 1999, and
references therein). After this simplification we concen-
trated on two new issues:
(1)
 The two-compartment dynamics of IkBa; NF-kB
and the ðIkBajNF-kBÞ complexes. Hoffmann et al.
(2002) have considered transport between nucleus
and cytoplasm, but they assumed that the sum of
cytoplasmic and nuclear concentrations of diffusing
substrates remains constant, which can be only
justified when the cytoplasmic and nuclear volumes
are equal. In most cases, however, the cytoplasm is
substantially larger than the nucleus.
(2)
 The main issue we focused on was the kinetics of the
activator IKK and its inhibitory protein A20. The
importance of its inhibitory potential was demon-
strated by Lee et al. (2000), who found that the
knockout of A20 in mice dramatically alters the
cells response to TNF stimulation due to persistent
IKK activity, and causes A20�=� deficient mice to
die prematurely.
We have reconsidered also the resting cell steady state,
by taking into account experimental constraint on the
level of free IkBa; according to Rice and Ernst (1993)
excess of IkBa is less than 15% relative to NF-kB:
The considerations on the two-compartment dy-

namics showed that the ratio of cytoplasmic to nuclear
volume, kv; is an additional important parameter, which
regulates the kinetics of the entire network. In all
previous considerations we assumed kv ¼ 5; but ob-
viously different cells may have considerably different
values of kv: In the case of fibroblasts, the ratio of
nuclear to cytoplasmic volume depends also on the cell
activity or the stage of the cell cycle. Mature cells usually
have larger kv than young, active cells, in which the
nucleus occupies the larger part of the cell. This implies,
not only the existence of different kinetics for different
cell types, but also that the cellular response may depend
on its stage in cell cycle. To see how the cell response
depends on the value of kv; let us fix all other parameters
on the previous level, and simulate the model equations
first for kv ¼ 2 (Figs. 10D–F) then for kv ¼ 10
(Figs. 10G–I). Keeping all other parameters on the
same level implies that we are changing kv by change
of the nuclear rather than cytoplasmic volume,
since perturbation of cytoplasmic volume influences
several other parameters. For kv ¼ 2; we observe much
stronger oscillation damping than in the reference
case. The whole kinetics resembles the one presented
in Figs. 9G–I, where the total amount of NF-kB was
three-fold lowered compared to the reference case. This
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Fig. 10. Dynamics of main variables during persistent TNF stimulation (started at 1 h). In panels A–C, the ratio of cytoplasmic to nuclear volume is

kv ¼ 5; as in rest of the paper. In panels D–F, the ratio of cytoplasmic to nuclear volume has been lowered to kv ¼ 2: In panels G–I, the ratio of
cytoplasmic to nuclear volume has been elevated to kv ¼ 10:
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is due to the fact that a relatively larger nucleus implies a
smaller NF-kB concentration, which, as already found,
implies smaller oscillations and lower asymptotic levels
of NF-kB dependent genes. Conversely, a smaller
nucleus implies that NF-kB nuclear concentration is
higher, which causes larger oscillations, and higher
levels of NF-kB dependent transcripts and proteins,
Figs. 10G–I. The kinetics kv ¼ 10 resembles that in
Figs. 9D–F where a three-fold higher level of total
NF-kB was assumed. The above analysis shows that a
change of nuclear volume, with other parameters
unchanged, considerably alters kinetics of the NF-kB
module. The change of the cytoplasmic volume also
substantially alters cell response since it influences both
kv and all V -dependent coefficients of transcription and
transport. However, since it seems reasonable that
alternation of nuclear or cytoplasmic volumes results
in some adaptation of other parameters, a more detailed
analysis is needed to account for the possible effects
caused by that alternation.
Inclusion of A20 revealed the second important

feedback loop in the NF-kB regulatory network. Like
IkBa; the A20 is a NF-kB inducible protein, which acts
as a NF-kB inhibitor. The knockout of either of these
two genes leads to prolonged NF-kB activity, which,
once enters the nucleus is not effectively shuttled out
of it (Lee et al., 2000, Fig. 3A, Hoffmann et al., 2002,
Figs. 2A and 4C). However, the inhibitory actions of
these two proteins are different. The newly synthesized
IkBa inhibits NF-kB in a direct way, entering the
nucleus and shuttling NF-kB back into a sequestered
state in the cytoplasm. The action of A20 is indirect: it
promotes transformation of the active IKKa to IKKi, a
form, which is no longer capable of phosphorylating
IkBa: As a result of inactivating IKK, A20 rescues IkBa;
allows that it accumulates in cytoplasm, and thus
enables its inhibitory action. In A20-deficient cells,
IkBa is continuously and almost completely degraded by
IKK and cannot terminate the NF-kB residence. This is
why the knockout of any of these two genes leads to
similar downstream consequences.
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Appendix. Model parameters

The coefficient a1 (see Table 1) was adopted from
Hoffmann et al. (2002), who deduced it based on the
works of Carlotti et al. (2000) and Malek et al. (1998).
The coefficients a2 and t1 assumed here are much
larger than those in Hoffmann et al. (2002)
(a2 ¼ 0:0225; a3 ¼ 0:185), which were based on works
of Heilker et al. (1999) and Zandi et al. (1998). In the
above experiments, the authors measured the average
catalytic activity of the whole IKK, while in our model
we consider the three states of IKK. Only one of them is
active, so that one may expect that its activity, which is
regulated by coefficients a2 and t1; is significantly higher.
The measurements in Lee et al. (2000, Fig. 3E) show a
narrow, very tall peak in IKK activity, followed by a
lower tail. In wild-type cells it appears that the IKK
activity decreases much more than 10 times, while in
A20-deficient cells it decreases about five times. How-
ever, it remains on the level high enough to degrade
much of the IkBa and, as a consequence, most of NF-kB
remains in the nucleus. In our model, the activity of all
IKK is proportionate to the amount of IKKa, the active
form, hence we may deduce that one-tenth of the
Table 1

Two- and three-component interactions between IkBa; NF-kB and IKKa

Symbol Values Units D

a1 0.5 mM�1 s�1 Ik
a2 0.2 mM�1 s�1 IK

t1 0.1 s�1 IK

a3 1 mM�1 s�1 IK

t2 0.1 s�1 (IK

Table 2

A20 and IkBa synthesis and degradation, IKK dynamics and total amount

Symbol Values Units Description

c1a 5� 10�7 s�1 IkBa-inducib
c2a 0.0 mM s�1 IkBa-constitu
c3a 0.0004 s�1 IkBa mRNA
c4a 0.5 s�1 IkBa translat
c5a 0.0001 s�1 Spontaneous

c6a 0.00002 s�1 IkBa degrada
c1 5� 10�7 s�1 A20-inducibl

c2 0.0 mM s�1 A20-constitu

c3 0.0004 s�1 A20 mRNA

c4 0.5 s�1 A20 translati

c5 0.0003 s�1 A20 protein

k1 0.0025 s�1 IKK activati

k2 0.1 s�1 IKK inactiva

k3 0.0015 s�1 IKK spontan

kprod 0.000025 mM s�1 IKKn produ

kdeg 0.000125 s�1 IKKa, IKKn

NF 0:06V mM V Total amoun
maximal concentration leads to saturation in NF-kB;
which implies a very high activity of the active part of
IKK. If we adopted the same parameter values for
IKKa as Hoffmann did for total IKK, we would need
unrealistically high total IKK concentrations. The
works of Heilker et al. (1999) and Zandi et al. (1998)
prove that the catalysis of IKK complexes proceeds very
fast. Based on these works, Hoffmann et al. (2002)
assumed t1 ¼ 0:037 and t2 ¼ 0:185: One can expect
again that, for the active portion of IKK, these
coefficients are higher. We assume for calculations
t1 ¼ t2 ¼ 0:1; after checking that any larger value will
give almost the same results. Making coefficients t1 and
t2 even larger does not make the IkBa degradation
proceed faster, because for large t1 and t2 coefficients the
efficiency of the process is limited by the formation of
complexes, not by their catalysis.
The average volume of a fibroblast cell is V þ U ¼

2000 mm3 ¼ 2� 10�12 l (Carlotti et al., 1999), and
we adopt this value for further estimations. We
will also assume that the ratio of cytoplasmic and
nuclear volumes is kv ¼ V=U ¼ 5: Therefore, the
cytoplasmic concentration of 1 mM corresponds to
N ¼ 10�6 ðmol=lÞ � V � AvE106 molecules, where
escription Comments

Ba2NFkB association Hoffmann et al. (2002)

Ka–IkBa association Assumption

KajIkBa catalysis Any large

Ka-(IkBajNF-kB) association Assumption

KjIkBajNF-kB) catalysis Any large

of free and complexed NF-kB

Comments

le mRNA synthesis Assumption

tive mRNA synthesis Assumption

degradation Fitted, Blattner et al.

ion rate Fitted

, free IkBa protein degradation Pando and Verma (2000)

tion (complexed to NF-kB) Pando and Verma (2000)

e mRNA synthesis Assumption

tive mRNA synthesis Assumption

degradation Assumption

on rate Assumption

degradation Fitted

on rate caused by TNF Fitted

tion rate caused by A20 Fitted

eous inactivation rate Fitted

ction rate Fitted

and IKKi degradation Fitted

t of free and complexed NF-kB Assumption, Carlotti
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Table 3

Transport between compartments, and assumed kv ¼ V=U ; ratio of cytoplasmic and nuclear volumes

Symbol Value Units Description Comments

kv ¼ V=U 5 Cytoplasmic to nuclear volume Assumption

i1 0.0025 s�1 NF-kB nuclear import Fitted

e2a 0.01 s�1 (IkBajNF-kBÞ nuclear export Fitted

i1a 0.001 s�1 IkBa nuclear import Fitted

e1a 0.0005 s�1 IkBa nuclear export Assumption

Table 4

Assumed cgen parameters

Symbol Value Units Description Comments

c1c 5� 10�7 s�1 cgen inducible mRNA synthesis Assumption

c2c 0.0 mM s�1 cgen constitutive mRNA synthesis Assumption

c3c 0.0004 s�1 cgen mRNA degradation Assumption
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Av ¼ 6:022� 1023 molecules=mol is the Avogadro
number. Respectively, the same nuclear concentration
corresponds to 2� 105 molecules. The total amount of
NF-kB is kept constant in the course of simulation,
and it is set by assuming the initial concentration of
cytoplasmic complexes ðIkBajNF-kBÞ: The assumed
amount of total NF-kB (see Table 2) corresponds to
the average cellular concentration cc ¼ 0:06 mM V=
ðV þ UÞ ¼ 0:05 mM; which agrees with Carlotti et al.
(1999) who, based on transfection experiments with
EGFPRelA, estimated that the endogenous level of
RelA expression isB60; 000 molecules per cell, and then
Carlotti et al. (2000) concluded that overall cell
concentration is 0:05 mM: The efficiency of the tran-
scriptional machinery gives the upper bound on the
mRNA synthesis coefficients c1; c2 and c1a; c2a: The
typical transcription speed in animal cells is of the order
of 40 nucleotides (nt) per second (Levin, 2000, p. 129). A
single gene, however, can be read by a number of RNA
polymerases simultaneously (see e.g. Levin, p. 128,
Fig. 5.13). Assuming that the smallest possible spacing
between subsequent RNA polymerases is of order
250 nt (the single polymerase covers about 20–30 nt of
the DNA strand), one obtains the transcription initia-
tion frequency n ¼ 40=250 ¼ 0:16=s: Therefore, we
assume that maximum mRNA production rate is
0:16 mRNA=s or 1:6� 10�7 mM=s; when mRNA con-
centration is counted per cytoplasmic volume V : We
assume also that this rate may be attained when all
NF-kB is present in the nucleus, which implies that its
nuclear concentration is 0:3 mM: As a result we obtain
the IkBa mRNA inducible synthesis coefficient as equal
to c1a ¼ ð1:6� 10�7 mM=sÞ=0:3 mME5� 10�7=s: We
assumed c2a ¼ 0; but any c2ap1:5� 10�9 would be
reasonable; c2a ¼ 1:5� 10�9 implies that in the resting
cells about 15% of total IkBa is free, which is the upper
bound according to Rice and Ernst (1993). The IkBa
translation coefficient c4a ¼ 0:5=s results from the
assumed mRNA synthesis coefficient c1a; since the
effective protein production rate is proportional to the
product of these two coefficients. The value of c4a is well
justified (Levin, 2000, pp. 125–126); it corresponds to a
translation speed of 15 aminoacids (a.a.) per second, in
each of the 10 ribosomes simultaneously processing a
single mRNA transcript of length of 900 nt; which leads
to a 300 a.a. protein (mouse IkBa is 314 a.a. long, while
human IkBa is 317 a.a. long). It results from our fitting,
that both synthesis and translation of IkBa proceed
at the highest possible speed. The coefficient of IkBa
mRNA degradation c3a ¼ 0:0004 (which corresponds to
t1=2E30 minÞ was fitted, but it is in accordance with
Blattner et al. (2000) measurements, who found that
spontaneous half-life of IkBa mRNA is within the range
from 15 to 30 min: As already said, we have significant
freedom in choosing some parameters, and this is why
we decided to assume that the mRNA synthesis,
degradation and translation rates are equal for A20
and IkBa: The protein degradation rate, however, was
then found to be three times larger for A20 than for
IkBa: This is caused by the fact that IkBa is degraded
both spontaneously and catalytically. The large degra-
dation rate of A20 suggests that it is also possibly
degraded in some active way. The assumption that all
forms of IKK, i.e. IKKn, IKKa and IKKi degrade with
the same degradation rate implies that total amount of
IKK remains on a constant level, which is supported by
Lee et al. (2000, Fig. 3E) measurements.
We have fitted the transport coefficients (Table 3) to

the data from Hoffmann et al. (2002) and Lee et al.
(2000) experiments. However, one should remember,
that these coefficients scale as 1=V ; or as S=V ; if one
assumes that transport through nuclear membrane is



ARTICLE IN PRESS
T. Lipniacki et al. / Journal of Theoretical Biology 228 (2004) 195–215214
proportional to its surface S: Coefficient i1 of NF-kB
nuclear import is much smaller than that used by
Hoffmann et al. (2002), who used i1 ¼ 0:09; but here it
accounts for the delay caused by IkBa ubiquitination
and proteolytic degradation, see Section 2.1. The fitted
value implies that the half-life time of phosphorylated
IkBa isB5 min: The value of e1a reflects the assumption
that i1a=e1aE2; which is supported by Yang et al. (2001,
Fig. 1) experiments, see our Section 2.3. The assumed
cgen parameters are given in Table 4.
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