THE FIELDS INSTITUTE
FREE PROBABILITY AND RANDOM MATRICES

PROBLEM SET 4, DUE NOVEMBER 22, 2007

Let s; and sy be free and semi-circular and let ¢ = (s, + is9)/v/2. We
call ¢ a circular operator. Recall that p(cc*) = 1 and all free cumulants
of c and ¢* are 0 with the exception of ky(c*, ¢) = ka(c,¢*) = 1.

1) Show that the norm of ¢ is 2.

In the next few questions we will calculate the spectral radius of
c. By the formula for free cumulants with products as arguments
one can show that for all positive integers m and n

Bn(ET, ™) = (e ) ()

2) Verify equation (x) directly for n =1 and n = 2.
3) Denote by

My(2) =Y ol("e™)™)="

the moment generating series of ¢"¢*". Using equation (x) (for general
m) and the moment-cumulant formulas, show that M,, satisfies the
equation

M,(2) =1+ 2M,(2)".

4) Show that the solution of the functional equation for M,, in question
3 is given by

M, (z) =>_Clmz,
m=0

where Cﬁm) are the Fuss-Catalan numbers

con (m(n + 1>>.

Cnm+1 m

5) Calculate the norm of ¢" via

[ = lim /(™).

6) Calculate the spectral radius r(c) of ¢ by

r(e) = lim /]|



