LECTURE 5: ASYMPTOTIC FREENESS OF RANDOM
MATRICES

We consider further the relationship between random matrices and
free probability. A “random matrix” is really a measurable function

(1) A (Qla%laul) - (92,‘327,112)

between two probability spaces, where the underlying set of the target
space is a set of matrices usually over some field (in our case it is always
C). Then each entry e;; o A is a C-valued random variable. Thus we
can think of a random matrix as a matrix whose entries are random
variables.

Let Ay be a GUE(N) random matrix. Let us recall what this means.
Let

(2) Ay (B, 1) — Hy

be a Hermitian matrix-valued measurable function defined on a clas-
sical probability space (Hy is homeomorphic to the Euclidean space
CNIN=1/2 50 the measure on Hy is just the pushforward of a Borel
measure on Euclidean space under this homeomorphism). Then each
entry of Ay is a complex-valued random variable h;;, and hj; = hy;
for i # j while h; = h;; thus implying that hy; is in fact a real-valued
random variable. Ay is said to be GU E-distributed if each h;; with
1 < j is of the form
(3) hij = 45 + V—1yj,
where x;;,v;;,1 <141 < j < N are independent standard Gaussian ran-
dom variables, each with mean 0 and variance ﬁ This determines the
below-diagonal entries also. Moreover, the GUFE requirement means
that the diagaonal entries h; are real-valued independent Gaussian
random variables which are also independent from the z;;’s and the
y;;’s and have mean 0 and variance .

Let tr be the normalized trace linear functional on the full N x N
matrix algebra over C. Then tr(Ay) is a random variable. In Lecture
1 we saw the proof of Wigner’s semicircle law:

lim Eftr(A)] = — (2:)

N—oo n+1
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In the language we have developed, this means that
Ay — sas N — oo,

where the convergence is in distribution and s is a semicircular element
living in some non-commutative probability space.

We also saw Voiculescu’s remarkable generalization of Wigner’s semi-
circle law: if Ag\l,), e ,Ag\?) are p independent GUFE random matrices
(meaning that if we collect the real and imaginary parts of the above
diagonal entries together with the diagonal entries we get a family of
independent real Gaussians with mean 0 and variances as explained
above), then

AV LAY g s, a8 N — oo,
where s1, ..., s, is a family of freely independent semicircular elements.

This amounts to proving that
Jim Eftr(AFY . AT = d(siqr - si).

Recall that since si, ..., s, are free their mixed cumulants will vanish,
and only the second cumulants of the form ks (s;, s;) will be non-zero.

The above two statements are “in distribution,” i.e. with respect to
the averaged trace E[tr(-)] which gives the empirical eigenvalue distri-
bution. However they also hold in the sense of almost sure convergence,
i.e. for all points w in the underlying probability space except for a set
of measure 0.

The following pictures provide numerical simulations of random ma-
trices and show the difference between “convergence of averaged eigen-
value distribution” and “almost sure convergence”.
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Convergence of averaged eigenvalue distribution of N x N
Gaussian random matrices to Wigner’s semicircle

(number of realizations in each case: 10,000)

0.35

‘N=20
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Almost sure convergence to Wigner’s semicircle.

three different realizations:

" eine Realisierung : N

™" “zweite Realisierung ) N

* " dritte Realisierung : ° N=10

N = 4000

0 0

... one realization ... ... another realization ... ... yet another one ...
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We have asymptotic freeness of two independent Gaussian random
matrices Ay, By:
distr
An, By — 51, 82,
where sq, s9 are free semicircular elements.
This means, for example, that
lim tI‘(ANANBNBNANBNBNAN) = @(8181828281828281)
N—oo
We have ¢(8151828251828251) = 2, since there are two non-crossing
pairings which respect the color:

S1 81 82 82 81 S2 S2 51

i (T

and

Here are numerical simulations for two independent Gaussian ran-
dom matrices for

tI‘(ANANBNBNANBNBNAN)

one realization averaged over 1000 realizations

gemittelt uber 1000 Realisierungen

tr(AABBABBA)

L L L L L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200 0 5 10 15 20 25 30
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Consider Wishart random matrix A = X X*, where X is N x M
random matrix with independent Gaussian entries.

(L1 ™

N=5, M=20 . N=10, M N2100, M=400

N=1000, M=4000

N=5, M=20 . N=10, M=40 . N2100, M=400 : N=1000, M=4000
N=5, M=20 . N=10, M=40 . N2100, M=400 : " N=looo, M=4000

Its eigenvalue distribution converges almost surely towards
Marchenko-Pastur distribution.

0s)
o7
0
os
04
03
02
04
DU 05 2 2,

1 15
N=2000, M=8000

N = 2000, M = 8000

08
07,
08
05
04
03
02
01
5 o 3 a.

' ... another realization ...

N = 3000, M = 6000

5

1 15
N=2000, M=8000

o

... one realization ...

5
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1. ProbpucTs OF FREE RANDOM VARIABLES

Let {ay,...,a.} and {by,...,b.} be free random variables, and con-
sider

gf)(alblagbg...arbr) = Z Iiﬂ—[al,bl,ag,bg,...,ar,br].

TeNC(2r)

Since the a’s are free from the b’s, we only need to sum over those
partitions w which do not connect the a’s with the b’s. Each such
partition may be written as m = 7, U m,, where m, denotes the blocks
consisting of a’s and m, the blocks consisting of b’s. Hence by the
definition of free cumulants

¢(albl&2b2 e arbr) = Z /ﬁ}ﬂa [al, ceey ar]lﬁﬂ-b [bb ey br]
T Umpe NC'(2r)
= Y knla,. .,ar]( > kb .,br]).
T €NC(r) mpeNC(1)
T Ump € NC(2r)

Now, the summation condition on the internal sum is equivalent to
the condition m, < K (m,), where K denotes the Kreweras complement
(which is an order-reversing bijection) on the lattice NC(r). Thus in
particular we can write

Slarbiashy ... a;b,) = Y Kelar, . a] - bbb

TeNC(2r)

and in a similar way

QS(alblang...&rbr) = Z ¢K71(W)[a1,...,ar] 'K,ﬂ-[bl,...,br].

TeNC(2r)

Note that K? is not the identity, but a cyclic rotation of .

These formulas are particularly useful when one of the sets of vari-
ables has simple cumulants, as is the case for semicircular random
variables (where only the second order cumulants are non-vanishing,
i.e. the sum is effectively only over non-crossing pairings).

2. AsYMPTOTIC FREENESS BETWEEN GAUSSIAN AND CONSTANT
RANDOM MATRICES

Consider a sequence (Ay)y>1 of random matrices with Ay a GUE(N)
random matrix. Also let (Dy)y>1 be a sequence of constant (i.e., non-
random) matrices with Dy € CV*V. Assume that
(4) lim tr(DY)

N—o00
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exists for all m > 1. Then we have
(5) Ay — sand Dy — d as N — oo,

where s, d live in some non-commutative probability space. What is
the relation between s and d?

In order to answer this question we need to find the limiting mixed
moments

(6) Jim. Eltr(DIY Ay DI . DI A )]

for all m > 1 where ¢(k) can be 0. In the calculation let us suppress
the dependence on N to reduce the number of indices, and write

(7) D7 = (d)N._; and A = ()",

1,7=1"
The Wick formula allows us to calculate mixed moments in the entries
of A:

8)  Elaiw;n@i@ - aimiml = Y. [ Eloiwie ;)

wEP2(m) (r,s)Em

where
1
(9) Elajan) = 5il5jkﬁ
Thus we have
Et (Dq 1)A Dq (2) ‘D‘I(m)AN)] _
1 q(2)
=N > Eld)iaimie e aie) - - Dmim Gmi)
i,j€[N]im]
1 (1) (m
N Z [ai(1)j(2) @i2)5(3) - - - Gim)i( ]dq (1)i(1) - dq )i(m)

€[N]lm]

:W Yo > I omstren g - - i

wEPa(m) Z’JQ[N}[TH] r=1

1 a(
= Nirm/2 Z Z J(l J(w(l dﬂ(m m(m))

mE€P2(m) i,j€[N]lm]

Z NEOm)—1-m/2 £ (DD patm),

TeP; (m)

In the above calculation, we regard a pairing 7 € P»(m) as a product
of disjoint transpositions in S(m) (i.e. an involution). Also v € S(m)
denotes the “long cycle” v = (1,2,...,m) and (o) is the number
of cycles in the factorization of ¢ € S(m) as a product of disjoint
cycles. tr is the normalized trace, as always, and we have extended it
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multiplicatively as a functional on non-crossing partitions. For example
if o =(1,3,6)(4)(2,5) € S(6) then
TrU[D(l),D(Q),D(g), DW DO, D(ﬁ)] — N3 tr(D(l)D(3)D(6))tr(D(4))tr(D(2)D(5)).

Now since

N—oo 0 otherwise

hm Nﬁ("{ﬂ')—l—m/Q _ {1 lf T € NOQ(m)

we have that
lim E[tr(DYVANDYY . DV AN = Y dald!®,.LL ).
meNC2(m)

Now compare this to the formula for d, s free with s semicircular:

Pld'Msd@s . ds) = N g [dD, . a1 ).

TENC2(m)

The two are the same provided K~'(7) = y7 where K is the Krew-
eras complement. But this is true for all 7 € NCy(m). Consider for
example 7 = {1,10} U {2,3} U {4, 7} U {5,6} U {8,9} € NC5(10). Re-
gard this as the involution 7 = (1,10)(2,3)(4,7)(5,6)(8,9) € S(10).
yr = (1)(2,4,8,10)(3)(5,7)(6)(9) which is exactly K~!(m).

Hence we have the following theorem.

Theorem: Let Aﬁ), . .,Ag@) be p independent GUE(N) random

matrices and let DJ(\}), el D%) be g constant non-random matrices such
that
DY,....D¥ —d,,... dy as N — .
Then
AV AY DY DY s sy d,. .. dyas N — oo
where each s; is semicircular and sy, ..., s, {d;,...,d,} are free. That

is, Ag\l,), - ,A%), {D](\}), ce D](\?)} are asymptotically free.

3. AsyMPTOTIC FREENESS BETWEEN HAAR UNITARY RANDOM
MATRICES AND CONSTANT MATRICES

Let U(N) c CV*N denote the group of unitary matrices, i.e. N x N
complex matrices which satisfy U*U = UU* = Iy. Since U(N) is a
compact group, one can take dU to be Haar measure on U(N) nor-
malized so that fU(N) dU = 1, which gives a probability measure on
N. A “Haar unitary” is a matrix Uy chosen at random from U(N)
with respect to Haar measure. There is a useful theoretical and prac-
tical way to construct Haar unitaries: take an N X N random matrix
whose entries are independent standard complex Gaussians and apply
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the Gram-Schmidt orthogonalization procedure; the resulting matrix
is then a Haar unitary.

What is the x-distribution of a Haar unitary with respect to the
state ¢ = E o tr? Since UyUn = In = UpyUj, the x-distribution
is determined by the sequences ¢(Uy') for m € Z. Note that for any
complex number A € C with |A\| = 1, AU, is again a Haar unitary.
Thus, ¢(N"UY) = ¢(Uy) for all m € Z. This implies that we must
have ¢(UJ') = 0 for m # 0.

Definition: Let (A, ¢)) be a non-commutative probability space
with A a unital x-algebra. u € A is called a Haar unitary if

e 1 is unitary, i.e. u*u = 1, = uu’;
o ¢(u*) = by for k € Z.

Thus a Haar unitary random matrix Uy € U(N) is a Haar unitary
for each N > 1 (with ¢ = E o tr).

We want to see that asymptotic freeness occurs between Haar unitary
random matrices and constant non-random matrices, as was the case
with GUFE random matrices. The crucial element in the Gaussian
setting was the Wick formula, which of course does not apply when
dealing with Haar unitary random matrices whose entries are neither
independent nor Gaussian. However, we do have a replacement for
the Wick formula in this context, which is known as the “Weingarten
convolution formula.”

Let 4,4, k,l € [N]"l be functions. The Weingarten convolution for-
mula asserts the existence of a sequence of functions (Wgy)%_; with
each Wgy a function from permutations to complex numbers which
satisfies

Ewi1)j(1) - - - Wign)j () Tr(D(1) - - - Tk(m)in)] =

Z H Si(ryk(o(r) O (mir(r)) WEN(TO )

o,7€S(n) r=1

as well as the asymptotic growth condition

1
WgN(TF) ~ m as N — oo
for any m € S(n). Here the u’s are the entries of a Haar unitary Uy.
The precise definition of the Weingarten function is quite complicated
and uneccessary for our purposes; we only need the convolution formula
and the asymptotic estimate. This allows us to prove the following.
Theorem: Let U ](\} ), cee ](\I,J ) be p independent Haar unitary random

matrices, and let D%), . .,D](\?) be ¢ constant non-random matrices
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such that
DJ(\P,...,D%) —dy,...,d; as N — oo.
Then
vV, uP DY DY oy uy,dy, .. dyas N — oo
where each u; is a Haar unitary and uy, ..., u,, {di,...,d,} are free.

The proof proceeds in a similar fashion as in the Gaussian setting.

Note that in general if u is a Haar unitary living in a non-commutative
probability space which is *-free from elements {a, b}, then a and ubu*
are free. In order to prove this, consider

d(p1(a)qu(ubu”) . .. pr(a)g: (ubu™))
where p;, g¢; are polynomials such that

¢(pi(a)) = 0 = o(q;(ubu”)).
Note that by the unitary condition we have g;(ubu*) = ug;(b)u*. Thus

0= ¢((gi(ubu®)) = ¢(ugi(b)u”) = p(uu”)d(q(b)) = ¢(q(b)).

Hence

d(pr(a)q(ubu”) ... pr(a)gr(ubu®)) =
¢(pr(a)ugi (b)u"py(a) - - - pr(a)ugy(b)u’) = 0
since u is *-free from {a, b} and ¢(u) = p(u*) = 0.
Thus our Theorem from above yields also the following as a corollary.
Theorem: Let Ay and By be two sequences of constant N x N

matrices with Ay — a and By — b. Let Uy be a sequence of Haar
unitary random matrices. Then

AN> UNBNU;[ — (Z,b

where a and b are free.

Conjugation by a Haar unitary random matrix corresponds to a “ran-
dom rotation” (i.e. U(N) is the autmorphism group of the Euclidean
space CV.) Thus the above theorem says that randomly rotated con-
stant matrices become asymptotically free in the limit of large matrix
dimension.

The following pictures show how the machinery of free probability
can be used to calculate asymptotic eigenvalue distributions of some
random matrices.
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Recall that we have the following theorem.
Theorem [Voiculescu 1986, Speicher 1994]:

Put
I = p(A™
G(z) = Z + mzl i(m+1) Cauchy transform
and .
R(z) = Z K 2™ R-transform
m=1

Then we have

1

Let A and B be free. Then one has

RAP(2) = RA(2) + R (2),
or equivalently

A+B
m

= Ko + KB Vm.

This, together with the Stieltjes inversion formula, gives an effec-
tive algorithm for calculating free convolutions, i.e., the asymptotic
eigenvalue distribution of sums of random matrices in generic po-

sition:

K

A ~ GA ~ RA

RY +RP=RAE  GA*B s A+ B

B ~ GP ~ RB
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Consider A+ UBU*, where U is Haar random matrix and A and B
are diagonal matrices, each with N/2 eigenvalues 0 and N/2 eigenvalues
1/2

Thus the asymptotic eigenvalue distribution of the sum should be the
same as the distribution of the sum of two free Bernoulli distributions,
i.e., an arc-sine distribution

Here are corresponding simulations for random matrices; the first is
averaged over the ensemble, the second is for one realization.

02 03 0.4 05 0.6 0.7 0.8

... one realization ...
trials=5000 N=2048
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Consider now independent Wigner and Wishart matrices. They are
in generic position, thus asymptotically free.

So the asymptotic eigenvalue distribution of the sum of Wigner +
Wishart should be given by the distribution of the sum of a free semi-
circle and Marchenko-Pastur

Here are three different realizations of such random matrices:

1T e

Nem=5 ! : S N=M=10 © Nem=100 " NEM=1000

(1] e,

N=M=10 © Nem=i00 * NEM=1000

11T e

N=M=10 © Nem=i00 * NEM=1000
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Wigner(3000) + Wishart(3000,3000)

0.35

Example: Wigner + Wishart (M = 2N)

0.3 4 0.3

avélraged \ONignerl+ Wishart: N=100 ... one realization ...
trials=4000 N=3000
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One has similar analytic description for product.
Theorem [Voiculescu 1987, Haagerup 1997, Nica +
Speicher 1997]:
Put

Ma(z) = Z p(A™) 2™

m=0

and define
Sa(z) :
Then: If A and B are free, we have
Sap(z) = Sa(z) - Sp(z).

_1+z

M5 (2) S-transform of A

Consider two independent Wishart matrices. They are in generic
position, thus asymptotically free.

So the asymptotic eigenvalue distribution of their product should be
given by the distribution of the product of two free Marchenko-Pastur
distributions.

Example: Wishart x Wishart (M = 5N)

... one realization ...

05 1 15 2 25 ’ 3 o
averaged Wishart x Wishart; N=100

trials=10000 N=2000



