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The setting

e VM a noncompact oriented smooth manifold of dimension n > 2 such that
HY(M,R) = 0 (<= each closed one-form is exact).

e I' a finitely generated, discrete group, which acts properly discontinuously on
M so that M /T is a compact smooth manifold.
EXAMPLE: M =R", I' = Z".

EXAMPLE: M — the Poincaré upper-half plane, I' — the fundamental group
of a compact Riemann surface.
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The setting

e g=> ", Z?:l gij(x)dz'dz? a T-invariant Riemannian metric on M:
e B=3,_.bij(x)dx" Adz’ a real-valued T-invariant closed 2-form on M.

e ASSUME: there exists a 1-form A = >"" | a;(z)dz" on M such that

Oa; _ Oa;
oxt  OxJ’

dA:B<:>b7;j:

e g;; and b;; I'-periodic, a;, in general, NOT.
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The magnetic Schrodinger operator

e The Schrodinger operator with magnetic potential A — a self-adjoint operator
in L?(M):
H" = (ihd+ A)*(ihd+ A), h > 0.
e In R™, a self-adjoint operator in L*(R", ,/gdx)

H" = \% jz];(zhaij + aj(x)) gjk(a:)\/g(ih% + ax(x))

(g = det(gij), g’* the inverse of g,i)
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The magnetic Schrodinger operator

e In R™ with the standard Euclidean metric, a self-adjoint operator in L*(R", dx)

H" = Z(m% +a;(x))?

j=1

THE MAGNETIC BOTTLES
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The main problem

e A gap in the spectrum o(T') of a self-adjoint operator T' is a maximal interval
(a,b) such that
(a,b)No(T) =10

(<= a component of R\ ¢(T))

PROBLEMS:

e Are there gaps in the spectrum of H" in the semiclassical limit (as h — 0)?

e Are there arbitrarily many number of gaps in the spectrum of H" in the
semiclassical limit (as h — 0)?
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Some more notation

e B(x): T,M — T, M,z € M the anti-symmetric linear operator:

gx(B(a:)u, U) — Ba:(u; 'U), w,v € T, M.

e In local coordinates

N " .. (Oar  Oa;
) 1k 1k k
B =300 =3 00" (50t - k)

— Typeset by Foil TEX — 6



Yuri KORDYUKOV Toronto, 2008

Even more notation

e The intensity of the magnetic field

Tr H(B(x)) = 5 Tr ([B*(x) - B@)]'/).

o If £i)\;(z),5 =1,2,...,d,\;(x) > 0, are the non-zero eigenvalues of B(x),
then
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Magnetic wells

e DENOTE
bo = min{Tr " (B(z)) : v € M}.

o ASSUME:

there exist a (connected) fundamental domain F and ¢y > 0 such that

Tr T(B(x)) > by + ¢, x € OF.
e EXAMPLE: M =R", ' =2" = F = (0,1)™ a fundamental domain.
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Magnetic wells. |I

e For any €1 < €, let
U,={z€F : Tr T (B(x)) < by + e }.

— Uy, an open subset of F such that U, N 0F = 0);
— For €1 < ¢€p, U, is compact and included in the interior of F.

e Any connected component of U, with €; < €9 — a magnetic well (attached
to the effective potential h - Tr T(B(x))).
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Tunneling and localization in wells

e Fix arbitrary ¢; < €5 < €.

e H the Dirichlet realization of H" in D = U,, (has discrete spectrum).
THEOREM [B. Helffer, Yu. K., 2006] 3C, ¢, hg > 0 Vh € (0, hy|
o(H") N[0, h(bo + €1)] € {A € [0, h(by + )] : dist(\, o (HP)) < Ce™/VN,

o(HB) N[0, h(by + €1)] € {\ € [0, h(by + €2)] : dist(\, o(H)) < Ce=</Vh.
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Quasimodes and spectral gaps

THEOREM: Let N > 1.
SUPPOSE ul < u? < ... < u” asubset of an interval I(h) C [0, h(bg+€1)):

1. There exist constants ¢ > 0 and M > 1 such that for any A > 0 small
enough

M?_M?_1>ChM, j:17"'7N7
dist(ult, 0I(h)) > ch™, dist(u,0I(h)) > ch™;
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Quasimodes and spectral gaps

2. Each ,u?’ IS an approximate eigenvalue of Hg:

| H o) — pgvill = ey (R)||vf ]

where v? € C°(D) and a;(h) = o(h™) as h — 0.

THEN

o(H™) N I(h) has at least N gaps for any sufficiently small ko > 0.
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Quasimodes and spectral gaps: sketch of the proof

There exists A € o(H")N1(h),j =0,1,...,N

AP —p =o(hM), h—0.

For any h > 0 small enough, we have

A= X > ™, j=1,...,N.
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Quasimodes and spectral gaps: sketch of the proof

DENOTE
Np,(a, 3) — the number of eigenvalues of H on an arbitrary interval (ha, h3).

LEMMA: For some C and hg

Ni(a, B) < Ch™™, Vh e (0, ho] .
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Quasimodes and spectral gaps: sketch of the proof

o LEMMA: Let M >0 and ¢ > 0. There exist C > 0 and hy > 0 such that

— IF o and 3" are two points in the spectrum of H" on the interval I(h)
with 8% —a® > chM,
— THEN for any h € (0, hy], o(H™) N (o™, 8") has at least one gap of length
> ChM+m.,
e By this lemma, each interval (A?,)\?ﬂ) contains at least one gap in the
spectrum of H" of length > ChM+"

e — The spectrum of H" on the interval I(h) has at least N gaps of length
> ChM+" for any h small enough.
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The general case

THEOREM [B. Helffer, Yu. K., 2007]

e ASSUME: there exist a (connected) fundamental domain F and ¢y > 0 such
that

Tr "(B(x)) > by + €9, x € OF.

e THEN: for any interval [a, B] C [bg, bg + €9} and for any natural N, there exists
ho > 0 such that, for any h € (0, ho],

o(H") N [ha, b3

has at least NV gaps.
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The general case: sketch of the proof

e Fix some natural N. Choose some

bo < po < 1 < ... < puny < bg—+ €.

e Forany j =0,1,..., N, take any z; € D such that

Tr 7(B(xj)) = -
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The general case: construction of quasimodes

e Choose a local chart f; : U; — R"™ defined in a neighborhood U; of x,; with
local coordinates X = (X1, Xo,...,X,) € R™.

e Suppose that

— f;(U;) is a ball B= B(0,r) in R", f;(x;) =0,
— the Riemannian metric at x; becomes the standard Euclidean metric on R",

d.
- B(zj) = > 1 pjrdXop—1 A dXo.
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The general case: construction of quasimodes

o Let ¢; be a smooth function on B such that

A(X) — dp;(X) — AJ(X)| < CIX[%,

d.:
where A;J(X) = %Zkzjzl ,ujk (XQk_ldXQk — XdeXQk_l).
o Write X" = (ngj_|_1, e ,Xn)

o Let x,;, € C°(D) supported in a neighborhood of x;, and x;(x) =1 near z;.
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The general case: construction of quasimodes

v € C°(D) defined as

@) = xste)emp (<42

d

RS 2 2 X"
X €Xp _EZMJR(XZk—l + X3r) | exp (_ 1,2/3 ) :
k=1
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The general case: construction of quasimodes

e THEN
I(Hp — hpj)o|| < CRY3 (o).

e So Theorem follows from the abstract result with

,u?:h,uj, M = 1.
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The general case: refined version

THEOREM [B. Helffer, Yu. K., 2008]
ASSUME:

e there exist a (connected) fundamental domain F and ¢y > 0 such that

Tr Y(B(z)) > by + €, x€OF.

e the rank of B is constant in an open set U C M
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The general case: refined version

THEN: for any interval
(o, 3] Cc Te"B(U),
there exist hg > 0 and C' > 0 such that
o(H") N [ha, b

has at least [Ch~1/3] gaps for any h € (0, ho).
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Discrete potential wells

THEOREM [B. Helffer, Yu. K. 2007] ASSUME

e by = 0, and there exist a (connected) fundamental domain F and ¢y > 0 such
that
Tr T(B(x)) > ¢y, =€ OF;

e there exists a zero Ty of B, B(Zp) = 0, such that 3C > 0
C o — xol® < Tr T(B(z)) < Clz — xo|”

for all = in some neighborhood of xy with some integer £ > 0.
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Discrete potential wells

THEN
for any natural IV, there exist C' > 0 and hg > 0 such that

2k+2

o(H") N[0, Ch#+2]

has at least IV gaps for any h € (0, hg).
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Discrete potential wells: model operator

e ASSUME: Z( a zero of B such that, for all = in some neighborhood of x,

Cz —zo|f < Tr T(B(z)) < Clax — zo*.

e Write the 2-form B in the local coordinates
f:U(Zo) — f(U(Zo)) = BCR", f(Zo) =0,
as

B(X)= )  bm(X)dX;AdX,, X=(X1,...,X,) € B

1<i<m<n
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Discrete potential wells: model operator

e B the 2-form in R™ with polynomial components

X*0%;

0 m

B (X)= D Y o (0)dXiAdX,
1<l<m<n |a|=k

e JAY a 1-form on R™ with polynomial components:

dA’(X) =B'(X), X eR"
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Discrete potential wells: model operator

o K a self-adjoint differential operator in L?(R"):
h _ (: O\*(; 0
Kz = (ihd+ A")*(ihd + A7),

where the adjoints are taken with respect to the Hilbert structure in L*(R")
given by the flat Riemannian metric (g;,,(0)) in R"™:

K! = Z g% (0) (ih% + ag(x)> (m% + ag(a;)) .
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Discrete potential wells: construction of quasimodes

e Forany 7 € N, let

2k+2
h h == h
e +2 . )
Kiow] hk )\]wj ,

’w;b c L*(R™).

o Let x € C°(U(Zp)) equal 1 in a neighborhood of Z.

e Define
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Discrete potential wells: construction of quasimodes

e \We have _
| (Fh — R%57 ) ol < iR ol

e For a given natural IV, choose any C' > An1.

e [ hen the result follows from the abstract theorem with
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Discrete potential wells: spectral concentration

THEOREM [Yu. K. 2005]
ASSUME

e by = 0, and there exist a (connected) fundamental domain F and €5 > 0 such
that
Tr "(B(z)) > €y, x € OF;

e For some integer k > 0, B(xg) =0=3C >0
C 1z —20|f < Tr T(B(z)) < Clax — ¥

for all x in some neighborhood of z.
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Discrete potential wells: spectral concentration

THEN

there exists an increasing sequence

A< A< A3<..., Ay — 00asm— 00,

such that for any a and b with A\, <a < b < A1,

2k+2 2k+2

[ah®+2  bh*+2 | N o (H™) = 0.
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Hypersurface potential wells

ASSUME:

e by = 0, and there exist a (connected) fundamental domain F and ¢y > 0 such
that
Tr T(B(x)) > ¢y, =€ OF;

e there is an open subset U of F such that the zero set of B in U is a smooth
oriented hypersurface S, and, moreover, there are constants k € N and C' > 0

such that for all x € U we have:

C~ld(z, S)* < |B(z)| < Cd(z, S)*.
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Hypersurface potential wells: more notation

e N the external unit normal vector to S, and N an arbitrary extension of N to
a smooth vector field on U;

® w1 the smooth one form on S defined, for any vector field V' on S, by

where V is a C™® extension of V to U.

wo,1 Is the leading part of B at S
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Hypersurface potential wells: more notation

e By assumption, we have

WQ,1($) #0, x€68.

e Denote
wmin(B) = Helg ‘wo’l(ilf)‘ > 0.
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Hypersurface potential wells: more notation

e For any a € R, the self-adjoint second order differential operator in L*(RR, dt):

d ].

e Denote by A\g(«) the bottom of the spectrum of the operator P(a).

e One can show that

U= Oiérelg%Ao(oz) > —00.
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Hypersurface potential wells: the main result

THEOREM: [B. Helffer, Yu. K. 2008]

For any interval
2

(@,b) C (U wmin(B)*+2, +00),
there exist hg > 0 and C > 0 such that

2k+2 2k+42

o(H") (\[h# 52 a, h¥+2 b]

__2
has at least [C'h 3*+2)] gaps for any h € (0, hg.
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Hypersurface potential wells: model operator

e go the Riemannian metric on S induced by g.

e One can assume that U is an open tubular neighborhood of S:
O : (—eg,e0) X S =, U,

such that © ]{o}xg = id and (©*g — go) ’{0}><S = 0, where a Riemannian
metric gg on (—eq,€0) X S:

Go = dt* + go.
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Hypersurface potential wells: construction of quasimodes

e By adding to A the exact one form d¢, where ¢ is the function satisfying

N(z)p(z) = —(N,A)(z), zeUl,
¢(x) =0, x€S,

we may assume that (N, A)(x) =0,z € U.
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Hypersurface potential wells: construction of quasimodes

® wq.o the one form on S induced by A:
wo.0 = igA
where 15 is the embedding of S into M.

® w1 the one form on S defined, for any vector field V' on S, by

V,wo.)() = NF BV, 7)(y), v €S,

where V is a C™® extension of V to U.
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Hypersurface potential wells: model operator

e DEFINE: H"Y is the self-adjoint operator in L*(R x S, dt dx,,):

0* [ 1 e 1
HWO = —hQ@Jr (zhd + Wo,0 T+ k—Htkme) (lhd + Wo,0 T k—Htk+1W0,1>

with Dirichlet boundary conditions.

e The operator H™Y has discrete spectrum.
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Hypersurface potential wells: model operator

e H}, the unbounded self-adjoint operator in L*(D) given by the operator H"
in the domain D = U with Dirichlet boundary conditions.

o CLAIM: IF X°(h) such that A°(R) < DAZk+2)/(k+2) is an approximate
eigenvalue of H™Y:

[(H™" = XO(h))w"|| < CREFFD/EE2) |t wh e O (R x 9),
THEN M\°(h) is an approximate eigenvalue of H?:

|(HP = X°(h))o"|| < CREFFERD R | ot = (071 w" € C°(U).
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Hypersurface potential wells: construction of quasimodes

e Take z; € S such that |wp 1(21)| = Wmin(B) (= infzes |wo 1(x)]).
e Take normal coordinates f : U(x;) € S — R" ! on S defined in a

neighborhood U(z1) of x1, where f(U(x1)) = B(0,r) is a ball in R*!
centered at the origin and f(x1) = 0.

e Choose a function ¢ € C*°(B(0,r)) such that d¢ = wq .

n—1

o Write wo,1 = Zj:l wj(s) de.
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Hypersurface potential wells: construction of quasimodes

e Consider a; € R such that Ag(@v1) = Awmin(B) ™2/ *k+2) > ¢

e 1y € L?(R) a normalized eigenfunction of P(a1), corresponding to Ag(a):

d? 1 . ’ __2
gt (et o) |90 = (BT, [¥lz2ge) =

o Put

U (1) = wanin (B) 2D B 202w (B) 2R T21).
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Hypersurface potential wells: construction of quasimodes

® € C°(R x B(0,r)) is defined by

®p(t,5) = ch™"2" "Dy (s) exp (—iqbf)) exp | i yes 7 w; (0

Wmin(B) k:+2hk+2 =1

2
xexp(—2‘2|25>\11h(t), teR, seB(0,r),

where § = x € C°(B(0,r)) is a cut-off function, and ¢ is chosen in such

1
3(k+2)"
a way that || @[/ 2(gxg) = 1.
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Hypersurface potential wells: construction of quasimodes

o | EMMA:

For any A > D wmin(B)? (¥+2) we have
6k+8
|(H™C — ABFF2) D, || < CRIHD|| By,

e [ake
a<Ag< A <...<Ay<b.

e [ hen the result follows from the abstract theorem with
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