MORE NOTES ABOUT THE DECOMPOSITION OF Gi,(C)
IRREDUCIBLE MODULES INTO S, IRREDUCIBLES

MIKE ZABROCKI

First we list some properties of the Frobenius map which sends a an S,, character x :
S, — C into a symmetric function by the map

F(x) =Y x(a(N)pa/za.

AFn

For an S,, module M, denote Frob(M) = F(charg, (M)).

Let M?* be a G1,,(C) module with character equal to the symmetric function sy (1, 2, . . .

I mentioned in the last writeup that Frob(M(lk)) = S(n—k*) T S(n—kt1,1%-1)- I received
an elementary proof of this proposition from Adriano Garsia:

M(lk) ~ L’{a:il/\xh/\- AT, 1< <ag < <G < n} ~ Indgzxsn_k[,{xl/\xg/\- . -/\.Z‘k;}

where the action of S,,_j is trivial on the module and Sy has the sign action on z1 A x2 A

A T

Therefore FT‘Ob(M(lk)) = 5(1k)3(n—k) = s(n—k,lk) + S(R_k_i_l’lk—l).
That two line proof should be broken down into lemmas

Lemma 1.

M(lk)zﬁ{xil/\xm/\u‘/\xik:1§i1<i2<--~<ik§n}

Proof. We compute the Gl,(C) character of L{zj, Axijy A---ANaxj, 1 <3 <ig<---<

’L.k S ’I’L} Let diag(y173127 e
variables by diag(y1,y2,- -

Z d/iag(yhyQa o

11 <t <--<ig

Therefore L{x;; A zjy N -
with character s (y1, Y2, .-

Lemma 2.

,Yr) represent a diagonal matrix of Gl,,(C) which acts on the
Yk )Ti = Y.

L UYR)T ATy N AN X,

Tiy /\$i2/\~~-/\l’ik

Z Yir Yis « " Yiy, :S(lk)(ylayQa"'ayn)
11 <t <--<ig

Nag, 11 <dp <ig < - < < n} is the irreducible module
2 Yn)- O

L{xil/\xiQ/\---/\xik:1§i1<i2<-~-<ikSn}:Indgzxsnikﬁ{xl/\xg/\"-/\xk}
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Proof. Recall that Ind%;;xsn,kﬁ{bi} = L{o ®g, x5, _, bi : 0 € Sp,b;} where we have the
tensor over a group satisfies the relations

ch®yv=0Qg hv.
The isomorphism is given by

1 ook ka1l ...
xileiQA“-AJZikH(. . + n

. & I A AN 2 WAREWAN -
(SN Y PN Jn—k> Sk Sn— F

where {jl,jg, ce ajn—k} = [n]\{il,iQ, e ,ik}.

The proof is to show that this map is equivariant with respect to the action of the
symmetric group 5, and it suffices to show that the action of the simple transpositions
(4,7 + 1) are equal on both basis elements. There will be four cases to consider, namely
both j and j + 1 are in {iy,d2,...,9}, 7 is in {i1,42,...,9%} and j + 1 is not, 7 + 1 is in
{i1,12,...,1} and j is not, and 7,7 + 1 & {i1,42,...,0%}.

We leave the remainder of the proof as an exercise to the reader. O

The third step of Adriano’s proof is that we need to know some properties of the Frobe-
nius map. We list below some of the images of common S,, modules.

trivial S, module — S(n)
sign .S, module — S(1m)
permutation representation {1,2,...,n} — Su_1)81) = S(mn) + S(n-1,1)
regular representation — 37(11)
Indg,, s MeN —  Frobs, (M)Frobs, . (N)
Do Res?:xsn_kM — A(Frobg, (M))
R‘fngxsn,kM = Dk SmebSn (M) ® sx
M ® N (with S, acting diagonally) —  Frobg, (M) ® Frobg, (N)

Adriano also provided me with a construction of the irreducible Gl,,(C) modules. Let T
be a standard tableaux of shape A a partition of k. Let

N(T) = Z sgn(o)o

o€col(T)

PT)= > o

oerow(T)
h) = product of the hooks of A

col(T) and row(T) are the column and row group of the tableau T and are subgroups of
Sk. Sk will act on positions of letters in words, that is, a right action. Gl,,(C) will have a
left action on the variables.

Next set

Er = N(T)P(T)/hy.
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Now set
M ~ L{wEry : w € [n]*}.
Note that the elements wFE7 form a spanning set and not a basis so one will have to linearly
reduce these elements to a basis.

What is interesting to note from this construction is that it is possible to decompose
M? into submodules of a fixed content. We define the content of a word to be the tuple
representing the number of 1s, the number 2s, ..., the number of ns in the word. This
tuple is then sorted so that order of the elements does not matter. 0 entries are allowed
in this tuple so that the content of a word will be content(w) = 0m™1™ -..r"™ where
no+mni+---+n, =nand Ong + Iny + ---rn, = k (e.g. if n = 4 then content(114414) =
content(222111) = (0%32)). Next we set

M) = {wEr : w € [n]", content(w) = a}.

Now we have reduced the problem of finding a decomposition of the module M* as an
S, module to finding a decomposition of the module M} for each . For many special
cases of « this is not a difficult problem.

Proposition 3.
Frobsw (Mf‘w) = 5.

Proof. This is Schur-Weyl duality.
Mf‘w ={wEr:we€S,}

O
Proposition 4.
Frobs, (Mg yny ...pnr) = S(no) F'robs, ., (M )
Proof. (idea) Show that
Moty qme = Indg? g Mihy pn
where the action of S, is trivial. O

Proposition 5.
k
Frobs, (Mg n1..nr) = S0n0)S(ar) =~ S0

Proof. I showed what the decomposition of M*) was last time using only symmetric func-
tion theory. This is (somewhat) a refinement of the statement that

Frobg, (M%) =" sy [X]
T

where the sum is over all column strict tableaux T (non-neg entries less than or equal to
n) with content that sums to k.
What I am saying here is that

Frobg, (M) = > sy [X]
T
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where the sum is over all column strict tableaux 7" whose content is «. O
Conjecture 6.

Frobgn(M(’\lw_ge)) = s(l)sé)sA
Conjecture 7.

A
FTObS ( (1n12n2 [”Z)) — Z Z C/,L’yFTObSn—nl (M(PYQnQ'”enZ))SM
pkng yFk—ny
Conjecture 8.
Frobgn(M();lnd._,@w) Z Z c - Frob( ((d+1)”d+1...gnz))FT0b( M.,)
pHdng yHk—dng

This last conjecture is a ‘master’ conjecture since it implies all the others. Using it we
have reduced the calculation from the determination of the decomposition of M2 to the
decomposition of M ()‘ by

I still don’t know how to compute F'robg, (M (ab )) but I do have the following clues:

Conjecture 9.
sy if A= (2a —b,b) with b odd
Frobg,( (a2)) sy if A= (2a—b,b) with b even
0 else
Conjecture 10.
Frobg, (M (b)+>\)28 vy © Frobg, (M) )
b\ (gb) (1%) S\ ((a-1))
I have a good idea on how to prove most of the conjectures above since their very
formulas suggest that there is some module isomorphism that can be used to demonstrate
them.

The first cases where one of the conjectures above does not apply is a = (23). I was able
to compute by process of elimination (since I can compute Frob(M?) and Frob(M é‘) for

B # a, then we can deduce Frob(M?)) that

3
Frobg, (M((QQQ)) = 5(13)

4
Frobg,( ((2223)) = 5(2)5(1)

Frobg, (M((QQg)) = 5(21)

Any clues about why?
Example: We have by Conjecture 8

42 4 31 22
Frobg, (M((inl)) = Frobg, (M((2%))S(2) + Frobg, (M((22)))5%1) + Frobg, (M((22)))3(2)

since F'robg, (Mal)) = S).
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In addition we know Frobg, (M((;g)) = 2 by Proposition 5 and F'robg, (M((g’;))) = 511)

and FrobSQ(Mg;))) = 5(2) by Conjecture 9. Therefore,
42
Frobg, (M((2221)) = 28(2)8(2) + 8(11)8%1)

I have placed data for A a partition of 6 for my conjectures on the decomposition of
homogeneous components on the web page for this seminar.



