THE RESTRICTION OF Gi,(C) MODULES TO THE SUBGROUP OF 5,

MIKE ZABROCKI

The character of a GI,,(C) module is given by the formula

I 0 0
0 X9 0
che, (M) = |b
beM 0 0 ’ 0
0O 0 ... =z,

coef b

where the sum runs over a basis of the module M. This expression is a symmetric function
in the indeterminates x;.

The character determines the decomposition of the module into irreducibles. If the
module has a character given by a Schur function in the variables x1,xo, ..., z, then the
module is irreducible. The character is a function of the eigenvalues of the matrix to C.

Since the symmetric group (represented as permutation matrices) is a natural subgroup
of Gl,,(C) we ask the following question:

Question: Given an irreducible Gl,,(C) module, how does it decompose into irreducible
S, modules?

This turns out to be easy to compute for specific examples. I don’t know the answer
to this question in general and it would be very useful to have a clear expression for this
decomposition. The character of a GI,,(C) module M at a permutation matrix A, will be
the evaluation of the symmetric function chgy, c)(M)(z1, %2, ..., 7,) at the eigenvalues of
the matrix A,.

Now the eigenvalues of the matrix A, are determined by the cycle structure of the per-
mutation o and they will be E,,,E),, ..., E), where 5,, =1, e2mi/m edmifm - o2(m—1)mi/m
(the m roots of unity).

Example: So for instance, the irreducible Gl3(C) module with character ss)(v1, z2, z3)
considered as an S3 module has an S3 character that when evaluated at the identity
has character equal to s()(1,1,1) = 21. The character evaluated at the permutation
(12)(3) will be s(5)(1,—1,1) = 3. The character evaluated at the permutation (123) will

be s (1, e2mi/3 64”/3) =0.

Date:
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As an example, we consider M as the GI,,(C) module consisting of the polynomials in n
variables of degree k. That is, M = {yi"" ---y5™ : oq + - - - + ay, = k}. Note that M has a
character given by

I 0 0
0 ro ... 0
char, (M) = Y |y* = > 2% =su (w1, 20)
iyt 0 0 . 0 et
0O 0 ... =z,

coef y&
We define the Frobenius characteristic of an S,, character as
Fs.(x) = Y _x(@(N)pa/za
AFn

where o()\) is a permutation of cycle type \. For a Gl,,(C) character f(x1,xo,...,x,) we
have that

an(f(.l‘l,.ﬁz, s 7:611)) = Z f[E)\l + EAg()\)]pA/Z)\-
AFn

Example: The example of the module with character ss) (z1,x2,23), we have already
calculated the Frobenius image as Fg,(s(5) (71,72, 73)) = 21p(111)/6 + 3p21)/2. But we
have also determined that the module is isomorphic to the polynomials of degree 5 in three
variables. Since we know that the Frobenius image of the polynomial ring in 3 variables

has a graded Frobenius image of hg [1%1} hence we know that the coefficient of ¢° in the

expression will be equal to the Frobenius image Fg;(s(5)(z1, 72, 23)). Since we know that

X 1 1 1
hs [ } = 5(3)[X]s(3) {} + S(21) [ X]s(21) L—CJ + saiy[X]saiy [1_}

1—gq I—gq q

then we know that the coefficient of ¢°s)[X] will be the number of column strict tableaux
of shape A with entries in 0, 1,2, 3, ... whose entries sum to 5.

For)\:(3)weknowthatthetableauxaregivenby’o|0|5‘,’0|1|4‘,’0|2|3H1|1|3‘,

[1]2]2]
5 4 3] [2] 2 3
0 0

(1]
For A\ = (2,1) the tableaux are given by [0 0‘, 0 1‘, 0 4‘, 2‘, 3‘, 1 2‘, 11]

For A = (1,1, 1) the tableaux are given by 10 and [0]
We conclude that Fg,(s(s) (71, 72, 73)) = 583y + Ts(21) + 28(111)-

Notice that in general that we can express the special case

Fsn (8 (w1, 20)) = ZCE\’“)S/\
AFn
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(k)

where ¢\ is the number of column strict tableaux of shape A whose entries sum to k.
Macdonald also gives another interpretation of this coefficient (p. 81 example 14). cE\k)

is also the number of column strict plane partitions of shape A. A plane partition is a stack

of blocks with adjacent stacks which are weakly decreasing in height. A plane partition is

column strict if the stacks are strictly decreasing in the columns.

LLeee

VEE Bass
LT

Note that this is similar to the last interpretation except that the order of the alphabet
is reversed since these objects are equivalent to column strict tableaux of shape A with
entries that are weakly decreasing rows and strictly decreasing in columns.

We remark that given two Gl,,(C) modules, their (inner) tensor product will have char-
acter as the product of the product of the modules. That is, for modules M, N,

chai, ) (M ® N) = chay, ) (M)chay,, ) (V).

This follows directly from the definition of the character.
We also have that the Frobenius image satisfies Fg, (fg) = Fs, (f) * Fs,(g) where x*
is the inner tensor product (Kronecker product). The Kronecker product on symmetric
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functions is defined as px/2zx * pu/2u = drupr/2x- It then follows that

Fs.(f) * Fs,(9) = (Z fEx + -+ EAZW]P,\/ZA) * (Z glEN +-- + EAK(A)]pA/Z,\>

AFn AFn

AFn

= Fs,(fg)

Macdonald (p. 50 example 17) talks about the evaluation of a Schur function at the sum
of roots of unity. s)[=Z,,] = £1 if A\ has an empty m-core (i.e. it can be tiled with ribbons
of length m) and s)[Z,,] = 0 otherwise. The sign of s)[Z,,] will be the sign of the unique
permutation o such that A + 6, = () (mod m) where 6,, = (m —1,m —2,...,1,0).

It is quite simple to write a short program which accepts a symmetric function and
a value of n (determining which copy of GI,(C) on is working in) and which returns a
symmetric function which returns the Frobenius image of this function as an S,, character.
> with(SF)
> psum:=proc(lst,k) local ij;
add(1st[i],i=1..k);
end:

> toSnFrob:=proc(expr,n) local i,lambda,j;

add( mul( cat(p,lambdal[i]), i=1..nops(lambda))/zee(lambda)*
simplify(subs(seq(seq(x[psum(lambda,i-1)+j+1]=exp(2*Pi*I*j/lambdali]),
j=0..lambdal[i]-1), i=1..nops(lambda)),

evalsf (expr, add(x[i],i=1..convert(lambda, ‘+))))),

lambda=Par(n));

end:

The program above substitutes the roots of unity in for the variables of the symmetric
function after evaluating the symmetric function at n variables.
We compute an example using this program:

> for i from 1 to 6 do
> tos(toSnFrob(s[1],i));
> od;

S(1)
S(2) T 511)
5(3) T 5(21)
S(a) T 5(31)
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8(5) T 5(a1)
5(6) T 5(51)
Observing the data below, one simple conjecture to make (that should not be that hard
to prove) is

Conjecture 1.
fSn(s(lk)(wla@a ey Tn)) = S(n—k,1%) T S(n—k41,1k-1)

Here is data for Fg, (sa(x1,22,...,2,)) for n < 6 and [A| < 5. Note that if n < £(X)
then sy(z1,22,...,2,) = 0.

Fs, (sq)) = sq)

Fs, (s(2)) = s)

Fs,(s3)) = sq)

Fs, (s)) = sq)

Fs,(s(5)) = s(1)
Fs,(s1)) = s@) + sa

(

F53(8(3 )= Sa11) + 35( 3) + 3s@1)
Fsy(s@1)) = saiy + s@) + 3sa@
Fsy(s(111)) = s(111)
Fsy(s(4)) = 511y + 4s(3) + 55021
Fs,(s 31)) 3s(111) + 25(3) + 55
Fs;(s(22)) = 25(3) + 25021

Fsy(s(211)) = s(111) + 821
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F53(8(5)) :28(111) + 58(3) + 78(21)
Fsy(s@an)) = 4511y + 4s3) + 8s(2)
Fi(s32)) = 2511 1) + 3s3) + 552
Fsy(s311)) = 25(111) + 25(21)
Fsy(s221)) = 8(3) + S(21)
Fs,(s(1y) = sy + 5@

Fs,(5(2)) = 2801y + 25(31) + 5(22)
Fs,(s(11)) = s211) + 8(31)
FS4(5(3)) = S@11) + 3su) + 4531 + S22
Fs,(s21)) = 25(211) + Sy + 3531) + 25(22)
FS4( (111) = S@111) + S(211)

Fs,(s@)) = 25211) + 58y + 6531y + 35(22)
Fs,(s31)) = 2514y + 3s(22) + 55211) + Sy + 780
Fs,(8(22)) = 25a) + 38(22) + 8211y + 35@31)
Fs,(s211)) = 5220 + 38211y + Sy + S
Fs,(sa111)) = sain)

F54(8(5)) :68(4) + 48(22) + 48(211) + 108(31)
Fs,(s41)) =554y + Ts@2) + 9s@uy + 25111y + 128331
Fs4(3(32)) =45y + 9522) + 6s@211) + Sai) + 9@
Fs,(s311)) = 38(22) + 65211 + 3sa111) + 3s(31)
Fs,(s221)) = 84y + 28(22) + 25211y + 38(31)
Fs,(s@i1)) = s@i1) + sain
Fsy(s(1)) =850 + Sy
Fs;(s2)) = 285y + 25(41) + 5(32)

Fss(sany) = s@11) + S@)
)) = 8@11) T 355) + 2832) + 45
25(311) + S(221) t+ S(5) + 2532) + 3s(y)
Fg;(sain) = s@) + S
Fs;(s@)) = 25311) + S21) + 555 + 45(32) + Ts41)
Fs;(s@31)) = 285y + Ts@1) + 5s@2) + 65311y + S@in) + 2521
Fsy(s22)) = 25(5) + 3s1) + 4s32) + s@11) + 280221)
Fs;(s211)) = s@1) + S@2) + 35@311) + 28@111) + 280221)
Fs;(s(1111)) = S(2111) + S(1111)
s(5)) = 1sa1) + 7s32) + 55y + 25221) + 7Ts(5)
FS5(8(41)):14 (41) T+ 38(2111) + 68(221) + 58(5) + 113(32) + 1ls31y)

FS5( 5(3)
Fs,(s(21)) =
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FS5(3(32)) = 108(41) + 28(2111) + 58(221) + 48(5) + 108(32) + 88(311)
Fs;(s311)) = 381y + 5s@in) + sainy + 5S@21) + 4832) + 83311
Fs,(8(221)) = 38(a1) + S2111) + 45221) + 8(5) + 4532) + 35@311)
Fs,(s2111)) = 3s5@2111) + Saun) + Se21) + 5311
F55(3(11111)) = S(11111)

Fss(s1)) = sis1) + 5(6)

Fss(s(2)) = 2851y + Sa2) + 25
Fse(san) = si1 + sun)

Fss(s(3)) =4s51) + 2512) + S@3) + 386) + S@1n)
Fss(s(21)) = 3s(51) + 28(12) + S6) + 2511) + 5(321)
Fse(s(111)) = 83111) + S(a11)

Fss(s(2) =556y + Tsi1) + Bsuz) + S@3) + Se21) + 2811
Fss(s@31)) = s@111) + 256) + 7851) + 98(a2) + 28(33) + 38(321) + 65411)
Fss(s(22)) = 28(6) + 35(51) + 4S42) + S11) + S@33) + 28321) T S(222)
Fsg(s211)) = 8(51) + S@2) + 3su11) + 25@21) + 253111) + See211)
Fss(s(1111)) = S21111) + S(3111)

F56(8(5)) = 123(51) + 88(42) + 58(411) + 38(321) + 78(6) + 38(33)

Fss(8(41)) = 58(6) + 148(51) + 135(42) + 128(411) + 45(33) + 85(321) + 35(3111) + S(222) + S(2211)
Fss(8(32)) = 45(6) + 108(51) + 118(42) + 85(411) + 55(33) + 85(321) + 25(3111) + S(222) + S(2211)
Fse(5(311)) = 38(51) + 48(a2) + 85(a11) + 8(33) + T8(321) + 68(3111) + S(202) + 25(2211) + S(21111)
Fise(8(221)) = 8(6) + 38(51) + 48(42) + 38(a11) + 25(33) + 5S(321) + S3111) + 28(222) + 25(2211)

Fss(s2111)) = S@a11) + S@21) + 38111y + 282211) + 2821111)
FS6(S(11111)) = S(21111) T S@11111)



