2. Partition Theory and Banach Spaces

We shall start with a sketch of another proof of the theorem proved last time.

2.1 Theorem. (Erdés-Rado) If f:[IN]® — Y, then there exists A € [IN]“ such that
f[[A]? is canonical.

Proof. By induction on d. Case d = 1 is trivial. Assume the statement is true for d.
Fix f:[IN]9*! — Y. For s = {ay,...,a2q12}< € [IN]?3*2 define an equivalence relation
on [{1,...,2d + 2}]¢ by u ~ v iff f({as]i € u}) = f({aili € v}). Define function
g:[IN]24+2 — £ ( € = all equivalence relations on [2d + 2]¢ ). Apply Ramsey Theorem
to get A € [IN]¥, which is g-homogeneous; If f[[A]2912 is one-to-one, then we are done (
X = d+1). Otherwise, there are s,t € [A]?, s # t, such that f(s) = f(¢). Let j <d+1
be the first place at which s and ¢ disagree. Prove that f(u) does not depend on the
j-th coordinate of u and apply the induction hypothesis. O

2.2 Lemma. Ifd € N, f:[IN]? — IR, and the range of f is bounded, then there is an
infinite subset A € [IN]* such that limy, 500 sepa)e f(8) exists.

Proof. By induction. Case d = 1 is the same as the last proof. Fix f:[IN]*! — IR. For
m € IN define g,,: [IN/m]¢ — IR, by g.n(s) = f({m} U s). By the induction hypothesis
Fm = A{B € [IN]*|limyin s—00,s¢[B]¢ gm(8) = T for some rp, € R} is dense. Let C be
such that C/m € F,, for every m € C. Find A € [C]* such that limy,ea m—oo Tm =7
for some r ( case d =1 ). Then A has the required properties. O

The basic sequences (w;) and (v;) are k-equivalent if V(a;)

1/E[[[XZ1aswi || < |52 aivil[| < E[[EZ 05w |

2.3 Definition. A basic sequence {u,} is k-spreading (k € [1,00)) if VA C [IN]¥
{un}5, is k-equivalent to {uy, }nea- 1-spreading is the same as spreading

2.4 Lemma. The usual basic sequence in cy, l,(p = 1) is 1-spreading.

2.5 Remark. If {u;}32; is equivalent (is k-equivalent for some k) to {us;}2; and
{u2i41}2,, then X & X2,

2.6 Definition. A basic sequence {uy}52; in X is asymptotically spreading if there is
a 1-spreading basic sequence {v,, }5%; in some Banach space Y such that VkVe > 0 there

exists N € IN such that {uy,,,Uny, .., Un, } is (1 + €)-equivalent to {v;}¥_;, whenever
N <ny <ng <...<ng. Then {v;}$2, is called a spreading model for {u;}$2,.

2.7 Lemma. Some basic sequence in ly is spreading model for a basic sequence in
Tsirelson’s space.

2.8 Theorem. (Brunel-Sucheston)(a) If {u,}% , is a normalized basic sequence, then
it has a subsequence that is asymptotically spreading.

Proof. For every k € IN let Dy, be a finite subset of [0, 1]* that is 1/k-dense in I;-metric:

V(a1,as,...,ax) €[0,1]%3(b1,...,bs) € Dy such that =F_,|a; — b;| < 1/k .

Fix k, p € Dg, p = (p1,-- -, k). Define f,: [IN]*¥ — IR by f,(s) = ||Ef:1pius(i)|| (where
§= {8(1)1 3(2)’ .. .,8(k)}<)-
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Note: | fp(s)| < E 1|pil-

Let Fr = {A € [IN]|(Vp € D) limyin s—y00,se[a]* fp(5) = 7p exists}. Note that Fj is
dense by Lemma 2.2. So, by diagonalization pick A € [IN]“ such that A/k € Fj for
all k € A. Actually consider F; C Fy, = {A € [IN]¥|limMyin s 00,sc[a]* fo(8) =
rp, Vs € [A/k] |fp(s) —rp| < 1/k } and plck A such that A/k € Fj. Consider cpg =
{22, a;e;|(V°i)a; = 0} and note that for v € coo, v = EF_,a4e;. Deﬁne |25 aze]]] =
rp, if p = (a1,...,ax). Note that |||c- Z||| = c[||Z]|| for all & and rational scalars such
that |||c- Z||| and |||vecx||| are defined. Extend ||| - ||| to all of cop by |||Z]|| = 1/¢l||cZ|||
for ¢ € (0, 00) such that ||cZ||;, < 1. By the above this is well-defined. Then {e;}32; is
1-spreading.
115 1asesll] = [ Siqasen Il

if n1 < ng <...< ng and this is a spreading model for {uy, }neca. O

2.9 Definition. A basic sequence {u;}$°; is unconditional if

vZO ||E 1azuz” > ||Ez lz;ézoazuz”

2.10 Theorem. (Brunel-Sucheston)(b) In Theorem 2.9 if {u, }, is weakly null, then
the corresponding spreading model can be taken to be unconditional.

Proof. We have {u,}52 ;, {en}52, spreading model and
¥ Ve >0,Yk € N3N = Ny € Nsuch that {u, }F_; is (1+¢) equivalent to {e;}F_,
HN<n <ng <...<ng.

Since {u;}$2, is weakly null, by a theorem of Mazur we can find convex combinations
{zZm }5o_q1 of {u;}$2, that converge to 0 in norm. So there are p; < pa < ... and y; >0
such that:

1 1 .
=30y, BTy =1 and Jim |zil| = 0.

Fix ¥*  a;e; and 1 < ig < k. Pick § > 0, ¢ << 4. Find k such that k > 1/e, and
N(k,e) = N such that * - holds. Find m so that N + iy < p,, and ||z,,| < €. For
J € [PmsPma1 — 1] define

L0 —
=Y ajun i + ag,uj + S io+1@iUp,, 41 +i -

_ vio—1 _ vk _
Let x = 321 aiun1i, Y = Xi; 1 1Qilp,, 1 +i- Then w; = = + a;,u; +y, so

—1 —1
YW =T+ a0 i+ y
Since z, = E?m“_l’yjuj we have
1
1280 ygwill > [l + yll = ai, lzmll] > llz +yll = aie
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Also
| lw; || = ||[Z5qasel]| | < e,

using the fact that {e;} is a spreading model. But

a1 —1 a1 —1
St =yl | > (IS5 "
and so
a1 —1
&+ yll — laio e < E520 "y (155 asesl| + €) = S5 aies]| + € .
Choose 0 = (1 + a;,)- d

A result of Casazza, Johnson and Tzafriri implies the following:

2.11 Lemma. If {e;} is the standard basis for Tsirelson’s space, then {e;};c., and
{ea; }icw are equivalent.

2.12 Theorem. (Bellenot) If {e;} is the standard basis for Tsirelson’s space {e;} ~
{ef@) } if and only if there is a primitive recursive function g > f.



