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Notation
Given a set X, we denote by [X]* the set of all unordered pairs in X:
X = {{a,b} sa # be X}
Similarly we will define [X]? for all d € NU {w}. We will identify [R]> with the set
{{a,b) e R* :a < b}.

In this case, given some {a,b} € [R]?, we will write {a,b} . to denote that a < b.
Similar notations and conventions will be used for []R]d for all d € N. Given some
a={ag,a1,...,a4-1}< € [R]”l7 and some X C d we will write

alx= {ai:iEX}.

Let A € [N]Y. Given m € N, we denote A/m = A\ (m+1) = A\ {0,1,...,m}.
Given some finite S C N, we denote A/S = A/ (maxS). If m > maxS we write
S™m = SU{m}.

Ramsey’s Theorem

Theorem (Ramsey’s Theorem). If k,d € N and f : [N]d — k, then there is an A €
[N]“ such that f laje 15 constant. We call the set A f-homogeneous, or, if f [[A]d] =

{3}, it will be called i-homogeneous.
In symbols, this is expressed w — (w)z.

Proof 1. This proof will be for the specific case where d = k = 2, though it can easily be
modified for any k € N. Let U be a free ultrafilter on N. For each m € N and ¢ € {0,1}
set

Ami={n#m: f({m,n}) =i}.
If neither Ay, o nor Ay, 1 is in U, then {m} = (N\ An0) N (N\ A1) € U, contradicting
the fact that U is free. Thus for each m there is an i,,, € {0,1} such that A, = A, ;,, € U.
There is then some ¢ € {0,1} such that A = {m € N:4i,, =i} € U.

Choose some n; € A. Suppose that for some k € N that ny,...,n; € A have been
chosen so that n; € Ay, for all 1 < j <1 < k. Choose ngq1 € (Aﬂ ﬂle Anj) /S N-
Having done this for all j € N, set B = {n; : j € N}.

Given j < I € N we have that i,, = 4, and n; € A,; so f({n;,m}) =4, and B is
i-homogeneous. O

Definition. A set F C [N|“ is called dense if F is closed under countably infinite subsets,
and for each A € [N there is some B € [A]“ N F.



Theorem (Diagonalization Lemma). 1. If F, is dense for all m € N, then there
is an A € [N]“ such that A/m € Fp, for allm € A.

2. If Fs is dense for all finite S C N, then there is an A € [NJ“ such that A/S € Fs
for all finite S C N with max S € A.

Proof. To prove (1), we will recursively find By D By D ... and ny; < na < ... as follows.
Set n; = 1, and pick B; € F;. Suppose that B; D ... D B, and n; < ... < n,, have
been chosen for some m € N such that for 1 < i < m we have n;;1 € B;, and B; € F; for
1< i <m. Let nypg1 = min (B, /Ny, and choose

Nm 41

Bm+1 S [Bm]w n ﬂ F;.
=1

which can be done, as any finite intersection of dense sets can be shown to be dense.
Now set A = {n; :i € N}. For ¢ € N we have

A/n,-z{nj:j>i}CBi€.7:m.

We will now demonstrate that (1) implies (2). Given a collection {Fs : S € [N]“} of
dense sets, for each m € N set
Fn= [ Fs.
SCm+1
Then {F, : m € N} is a collection of dense sets, so by (1) there is an 4 € [N]“ such that
A/m € F], for all m € A. Given some finite S C N with m = max S € A, we have

A/S=A/meF, CFs.
O

Proof 2 of Ramsey’s Theorem. This proof is by induction on d, and requires the following
fact: suppose that f : [N]d — k has a homogeneous set, then the family of f-homogeneous
sets in dense.

The case d = 1 is the Pigeonhole Principle. Assume that the case d = n has been
proved, and fix some f : [N] "1 _ k. For each m € N define g, : IN/m]" = k by

gm(S) = f({m}US).

By the induction hypothesis, F, = {A € [N/m]" : A is g,,-homogeneous} is dense. By
the Diagonalization Lemma, let A € [N]“ be such that A/m € F,,, for all m € A.

For each m € A let i, < k be such that (A,/m) is i,,-homogeneous. Let i < k be
such that B = {m € A : i,, = i} is infinite. Given S € [B]"™, let m = min S, and let
S'=8\{m}=S5,/m. Then S’ € [B/m]" C [A/m]" and so f(S) = gm(S') = i. Thus
B is i-homogeneous. O

Proposition. If (z,),cy 5 a sequence in [0, 1], then there is a convergent subsequence.

Proof 1. Define f : [N]2 — 2 by

0, ifz, <z,

£ (fmn).) = {

1, if zp > x,.

Then there is an f-homogeneous A € [N]“, and (z,,),,. 4 is monotonic. The proposition
follows from the fact that every bounded monotonic sequence converges. O



Proof 2. This proof will apply equally well to any compact metric space X.
Define f : [N®> — 2 by

]_’ if d ms+dn
! ({k,m,n}<) = {0, ;f dgm;zn; ;

Then there is a f-homogeneous set A € [N, If A is 1-homogeneous, then (z),,c 4 is
a Cauchy sequence, and therefore convergent.

If A is 0-homogeneous, let ¥ = minA. Then for all {m,n} € [A/k]" we have
AT, Tn) L From this it follows that X cannot be covered by finitely many balls

E .
of radius contradicting the compactness of X. O
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Canonical Partitions

We will now discuss what we can say about functions f : [N]d — N, or more generally

f:N*>vY.

Definition (Erdés-Radé). A partition f : [N* = Y is canonical if there is an X C d
such that for all S = {so,...,8a-1}<,T = {to,.--,tdi—1}< € [N]d we have

fO)=fM)e{s:ieX}={t:i€ X}

Example. Let f : [N]d — Y be a canonical partition with witness X C d.

If d = 1, then either X = () or {0}. If X = 0, then it must be that f is a constant
function. If X = {0}, then f is injective.

Ifd =2, then X = 0,{0},{1}, or {0,1}. If X = 0, then f is constant. If X = {0,1},
then f is injective. If X = {0}, then f depends only on min S for all S € [N]d, and
similarly if X = {1} then f depends only on max S.

Theorem (Erdés-Radé). If f : [N|* - Y, then there is an A € [N* such that f G
is canonical.

Proof. The proof is by induction on d.

If d = 1, then either f takes on infinitely many values, or it takes a single value
infinitely often. In the former case, we may choose A to contain a single element from
the preimage of each element in the range of f. In the latter case we choose A to be the
preimage of that element.

Assume that the case d = n has been proved, and fix f : [NJ*™' = Y. For each
m € N, let Fp,, be the set of all infinite B C N such that for all (not necessarily distinct)

s,t € [m]?, either
(a) f(s7i) = f(t"j) for all i, f € B,/ m, or
(b) f(s7i)=f(t"j)ei=jforalli,j € B/m,or

(c) if m = maxt, and j — f(¢t"7) is not constant on B,/m, then f(s74) # f(t"j) for all
i€ B/sand all j € B/t.

Claim. F,, is dense.

Proof of Claim. To do this, we will show that for any particular s,t € [m]d the set Fg;t
defined similarly to the above is dense, and thus, as Fm = [, se(m)e F&:t we will have our
result.

It can easily be shown that F2; is closed under countably infinite subsets by the
fact that the conditions (a), (b), (¢) are all individually closed under countably infinite
subsets.



Define g : [N/m]”> — 2 by

. 1L, if f(s7i) = f(t7)

g gk<) = {0, otherwise.
Then there is a g-homogeneous set B € [N]“.

If B is 1-homogeneous, then it can be shown that A = B, min B satisfies (a).

If B is 0-homogeneous, we consider the function i — f(¢7¢) defined on B. If this takes
on some value y € Y infinitely often on B, then by setting A to be the inverse image of y
under the maping on B, we have that A will trivially satisfy (c).

If the mapping takes on infinitely many values on B, then we may let B’ be a choice
set for the inverse image of the range of the mapping. Consider finally C = {i € B’ :
f(s7i) = f(t™0)}. If C is infinite, then C' will satisfy (b). If C is finite, then we may
construct an infinite A C B"\ C which satisfies (c).

It follows that for all g-homogeneous B € [N]“ there is an 4 € [B]” in F3t, and thus
each 2t is dense, and then so, too, is

Fn= [ T
s,t€[m]?

<

By the Diagonalization Lemma, take B € [N]“ such that B,/m €
m € B. Define g : [B]® - Y U{Y} by

F; for all

i<m

(s) = a€eY, if f(sTi)=aforallie B/ s
PI=Ny, it f(si) # f(s7)) foralli #j € B/s.

(By the fact that B,/ maxs € Fmaxs C Foi2. . it can be shown that g is well-defined.)
By the induction hypothesis, let C' € [B]* be such that g is canonical on C' with wit-
ness X C d. An application of Ramsey’s Theorem allows us to assume without loss of

generality that either g(s) # Y for all s € [C]%, or that g(s) =Y for all s € [C]".

Case 1: If g(s) #Y for all s € [C’]d, then let u = s7i,v =t"j € [C’]d+1. We have

and these are equal iff u [x=s[x=t[x=v[x iff
C.

Case 2: If g(s) =Y for all s € [C]d, we make the following claim:
Claim. Given u,v € [C]*"!, if maxu # maxwv, then f(u) # f(v).

Proof. Letting u = s7i and v = t7j, we may assume that maxt > maxs. If f(s7i) =
f(t™7), then condition (c) fails for m = maxt.
Since i — f(t74) is not constant, as ¢ € [C], we arrive at a contradiction. O



For s € [C]%, let
E,={te[C]:Vie C/(sUt), f(s7i) = fF(t™i)}.

For s # t € [C]%, we either have £,N& =0, or & = &. Define g : [C]* — {&, : s € [C]*}
by g(s) = €. Find D € [C]* such that g is canonical on D. Then there is some X C d
such that for all s,t € [D],

5s=gt<:>8ffztfy

Let X = X U{d}. Let u = s"i,v =t"j € [D]**".

If f(u) = f(v) for u,v € [D]d'H, then maxu = maxw, by then above claim, and
Es =& We have & = & iff s[x=1]%, and so in all we have u[x=v[x.

If u[x= v [x, then in particular s[x=t[, and so & = &. As i = maxu = maxv =
J, we have f(u) = f(s7i) = f(t7)) = f(v).

Thus f is canonical on D. O



