Quantum Error Correction |
Protecting Quantum Information

Manny

Qubits are subsystems.
Error control methods.
Algebraic error models.
Error detection.

Error correction.

Stabilizer codes.
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» Observable algebras:
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» Example noise operators:
I 0,8, 0,8 5.®

= [nformation in A is protected.

= No state of AB is protected.
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Passive Error Control

w

Example noise operators:
I 0,8, (,y(B), o, B

Information in A is protected.

No state of AB is protected.

(B)
00),, “5 |o1),,

Observables for A commute with errors.
JU(A)%(B) _ O'U(B)O'u(A).
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Active Error Control
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&R
» Example noise operators:

I, cxnot = o, B cnot B,

- Start with B in |o),.
o). = l00)g |1), = [10),

= Information of A preserved after one error.
= ... lost after two.

o), " Jor), T |10)s = |1,




Active Error Control

X N
Q.8
Example noise operators:

I, cxnot = o, B cnot B,

- Start with B in |o),.
o), = [00)g, 1), = |10},

= Information of A preserved after one error.
- ... lost after two.

o), " Jor)s T 10), = [1),

= Solution: Reset B before errors.

Back to: Error Correction |
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o Error suppression.
= Refocusing.

= Active symmetry
enforcement.

= Decoupling.
- Reservoir engineering.
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Error Control Methods

Passive error control.
Noiseless subsystems.

Error suppression. Systematic error control.
Refocusing.
Active symmetry Rotating frames.
enforcement.

Composite pulses.

Decoupling. Adiabatic gates.

Reservoir engineering.

Active error control.
Periodic error correction.
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The Pauli Error Model

o Error operators:

51 = {]I’ O-CU(]-)) O-y(l)7 O-Z(l)j O-ZIZ(2)7 O.y(2)’ }
o Weight 2 error operators:
82 — 8151
= {L o,®, ... 6,06, 5,05,® 1

o Higher weights:

k times
gk; g’f:glgl

£ = Z":lgk




The Pauli Error Model

Error operators:

E1 = {]L o, gy(l), o,V 0,3 Jy(2)7

Welight 2 error operators:
Ey = E1&4

— {]L O-x(l)a O-w(l)o-w@)? J$(1)0$(3)7 e

Higher weights:

k times
Er = E=C& ..
& = UZilgk

The linear span of £ contains all operators.

;
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Algebraic Error Models

o Weight 1 error events:
&1 = {1, B, By, ...}

o Weight £ error events:

k times

o
o

o Error algebra:
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Flip Errors

E1= { I, O'x(l), 0:,;(2), 0'33(3), }

» Classical errors + superposition principle.

= Examples.
JE)
0010) = [|0110)
D, (3)
10010} 11000}
O 4
jﬁg(uxnxw-+|0011>) jﬁg(uxnjy-+|001o>>

|0010>-+|0011>>

o3

ls

Iz

=




Flip Errors

E1 = { I, ax(l), 0'33(2), ax(3), }

Classical errors + superposition principle.

Examples.
e
10010) z 10110)
1
-5

5. Mg, ()

10010) * " 1000)
o (8
% 10010) + |0011) z, % |0011) + |0010)

= 750010) + |0011)

Size of common eigenspaces of o, ()?
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Success
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Measure

Encode
Ry

Q)

Success <
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Error Detection |

Encode

Q1)

e Example: { 0), = |00)
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Error Detection |

Encode

Q1)

e Example: { 0), = |00)

1), = [11)

[¥) = alo) + B[1)

aloo) + G|11)

E Measure

Success <
probability —

m

[00) (00| + |11)(11]

12 aloo) + [|11)
7o) al10) + [lo1)
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Error Detection |

§ ) Measure
g |l
[4) [4),
Succes_s: <
) = alo) + Bl1) mprObabmty
Example: < |o) = |00)
1), = |11)
00) (00| + 1) {11]
aloo + 4} = aloo) + 1)
.. (1)
oz . qf10) + Blo1)
‘ﬁ alo1) + B|1o)
O'x(l)o'm(2)

—



Error Detection |

§ L Measure
g |ln
[4) [¥),
Succes_s: <1
) = alo) + G|1) mprObabmty
Example: < |o) = |00)
|l>|_ — |ll>
|00) (00| + |11)(11]
aloo) + fj11) = aloo) + Bl11)
.. (1)
oz . qf10) + Blo1)
0:1:_>(2) Oé|Ol> + ﬁ|10>
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Error Detection Il

o A quantum code is a subspace C.

= Projection operator: Fe.
- Logical basis: |0),,|1),]2),. . ..
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Error Detection Il

o A quantum code is a subspace C.

= Projection operator: Fe.
- Logical basis: |0) ,]1),,]2).,- ..

o C detects F If
PEP, = MgPe
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Error Detection I

A quantum code Is a subspace C.
Projection operator: F..
Logical basis: |0),]1),]2).,. . ..
C detects E If
PeEFP: = ApgPe

Equivalently: ( c \
Az 0 0
0 A\
E = C = Eqs
L 0 g
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Error Detection I

A quantum code Is a subspace C.

Projection operator: F..
Logical basis: |0),]1),]2).,. . ..

C detects F If
PEP, = MNgPpe

Equivalently: For all |¢),
{9lEl®), = Ap
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Error Detection I

A quantum code Is a subspace C.

Projection operator: F..
Logical basis: |0),]1),]2).,. . ..

C detects E if

PeEP: = MNgFpe
Equivalently: For all |¢),

{9lEl®), = Ap
Equivalently: For all |¢) , |¢),

o) L) = Elo) L)
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Minimum Distance |

e C has minimum distance > d if

C detects all errors of weight d — 1.
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Minimum Distance |

e C has minimum distance > d if

C detects all errors of weight d — 1.

o C = span( [00),|11) )
isa[[2,1,2]], @
code.
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Minimum Distance |

C has minimum distance > d if

C detects all errors of weight d — 1.

C = span| |00),|11)
IS a [[2, 1, 2]]@3(;)
code.

Cis a||n,k,d||s, code means:

Length n: Total number of qubits is n.
k encoded qubits, dim C = 2*.
Minimum distance at least d for &;.
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Minimum Distance |1

» Constructa [[3,1,3]], » code — greedily:
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» Constructa [[3,1,3]], » code — greedily:

- Add: |o), = |000).
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Add: |o) = |000).

1), must be orthogonal to
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Minimum Distance |1

Construct a |[3, 1, 3], ¢ code — greedily:

Add: |o) = |000).
1), must be orthogonal to

000)
[100), |010), |001)

[110), |101), |011)

Choose |1), = [111).



Minimum Distance |1

Construct a |[3, 1, 3], ¢ code — greedily:

Add: |o) = |000).

1), must be orthogonal to

100),
110),

Choose |1), = [111).

Encode alo) + G|1) — alooo) + F|111).

000)
010), |001)
101), |o11)

... the three bit repetition code.

12



Error Correction Process

A1anooay

apooug

1S
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Error Correction Process

Encode

Recovery
Recovery

» Where Is the encoded qubit?
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Error Correction Process

Encode

Recovery

Where is the encoded qubit?
Observable algebra always defined:

A, = span (I, o, (50 (;y(St)7 o, 5t

A®): Algebra between errors and recovery.

13



Subsystems

WYY
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Subsystems

o A subsystem is a factor of a subspace of H.
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Subsystems
o N N
QAR
o A subsystem is a factor of a subspace of H.

e Specifying a subsystem S:
o Decompose: H~ (S®T)®R
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Subsystems

R
A subsystem is a factor of a subspace of H.

Specifying a subsystem S:
Decompose: H~ (S®R7T) PR

Observables: x-algebra A() ~ Matrices(dim S).
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Subsystems

A subsystem is a factor of a subspace of H.

Specifying a subsystem S:
Decompose: H~ (S®R7T) PR

Observables: x-algebra A() ~ Matrices(dim S).

Example with two qubits:
Decompose:

lo)]0);
[1)]0);

00) +[11) J, Joylr)r =

7
o1) + |10) |, |1)]1); = % lo1) — |10)

SIH S\
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Subsystems

A subsystem is a factor of a subspace of H.

Specifying a subsystem S:
Decompose: H~ (S®R7T) PR

Observables: x-algebra A() ~ Matrices(dim S).

Example with two qubits:
Decompose:
loxlo)y = —5(lo0) +11) ), |ox[1); = 5|
13J0), = Z(Jo1) +[10) ), [1y[1), = [ for) — |10)
(S) o, 2

. ) Ox
Observables: { 5 () o. Vg,

z
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Noiseless subsystems

.|
» Subsystem S is noiseless for € if [£, A®)] = 0.
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Noiseless subsystems

.|
» Subsystem S is noiseless for € if [£, A®)] = 0.

o £ = span (]1, o, W, @), azm);
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Noiseless subsystems

Subsystem S is noiseless for £ if [, A®)] =0

E=span|(Lo,V5,? o, 1 :

S) _ (2)
O — Og
Observables: { 8 = 5,Wg @
Decompose:
JoJo) = J5(l00) +11) ). [okJ1) = 2
|l>5|0 :% >—|—|lO>, |l>5|l>T:\/L§

15



Noiseless subsystems

Subsystem S is noiseless for £ if [£, A®)] = 0.

E=span|(Lo,V5,? o, 1 :

7.5 = 5,
Observables: { 0.8 — o (y @
Decompose:
oyJo) = Z=(Joo) +[11) ), Joy[1), = | Joo) — |11)
[1)l0)y = 5 (lo1) +[10) ), |1h[1), = 5(lo1) — [10)

g — Span ]:[7 0-33(1)+O-$(2)—|_O-x(3)7 O-y(l)—|_0-y(2)+0-y(3)a O'Z(1)+O'Z(2)_|_O'z(3)

L7 Noiseless qubit (N)

f soin 2 5 (N) _ S (A) . 5(B)

U
Observables:
:‘h “ Spin 3/2 { oy N = gA) . 5O
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Error Correcting Subsystems |

~ N~

AGLTY T AG) \ A(S)

o Protection requires:

Recovery

Recovery
Recovery

O
.
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Error Correcting Subsystems |

\ ALy \ A®) \ A

Protection requires:
ER, A(S)] =0 R: Any operator of the recovery:.

Recovery
Recovery
Recovery
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Error Correcting Subsystems |

' AL ‘ AL ‘ AL
Protection requires:
ER, A(S)] =0 R: Any operator of the recovery:.

Error correcting subsystem (S, |0), ):
H~(S®7T)aR, |0)

T

16



Error Correcting Subsystems |

' AL ‘ AL ‘ AL
Protection requires:
ER, A(S)] =0 R: Any operator of the recovery:.

Error correcting subsystem (S, |0), ):
H~(S®7T)aR, |0)

Usage: 1. RejectR. 2. ResetTto|0),. 3. Wait. ..

T
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Error Correcting Subsystems |

\ ALy \ A®) \ A

Protection requires:
ER, A(S)] =0 R: Any operator of the recovery:.

Recovery
Recovery
Recovery

Error correcting subsystem (S, |0), ):
H~(S®7T)aR, |0)

Usage: 1. RejectR. 2. ResetTto|0),. 3. Wait. ..
(S,]0),) corrects L if

T

Example.

16



Error Correcting Subsystems ||

» The three qubit [[3,1, 3]] . ) repetition code.

C = span(|ooo), |111))
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Error Correcting Subsystems ||

The three qubit [[3, 1, 3]] . ) repetition code.

As a subsystem:

C = span(|000), |111)

000)

100)
010)
001)

111)

011)
101)
110)

17



Error Correcting Subsystems ||

The three qubit [[3, 1, 3]] . ) repetition code.

C = span(|000), |111)
As a subsystem:

0x|0), = Jooo) 1410), = |111)
ox|l); = |100) 1x]1); = |o11)
0x|2); = |o10) 142); = |101)
0x|3); = Joo1) 1)13); = |[110)
Detection property:
Poo, Vo, 0P, = 0i5 ¢

Pe = 0);(0]

T

17



From Correction to Detection

Suppose (S, |0);) corrects errors in £.

Define C by Pe = |0),(0].
Then C detects every error in £TE.
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From Correction to Detection

Suppose (S, |0);) corrects errors in £.

Define C by Pe = |0),(0].
Then C detects every error in £TE.

Proof:

(WIOIETDIO) [y =
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From Correction to Detection

Suppose (S, |0);) corrects errors in £.

Define C by P: =0),(0].
Then C detects every error in £TE.

Proof:

([(O|ETDI0) ) = *W[(O|ET |p(D

I )
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From Correction to Detection

Suppose (S, |0);) corrects errors in £.

Define C by P: =0),(0].
Then C detects every error in £TE.
Proof:
WO ETDI0) )y = *(¢[(O|ET |o(D
(Y] (o(B) ch

|¢>s
e [k

18



From Correction to Detection

Suppose (S, |0);) corrects errors in £.

Define C by P: =0),(0].
Then C detects every error in £TE.

Proof:

(O ETD0) )y = [(O[ET (D |¢>S
= (Y| {o(F )I ch ) |y
= ¢Yllvy IIqb( ))r
= o(E )II¢( )>

— )‘ETD

18



From Detection to Correction

Suppose C detects errors in £T€.
There exists (S, |0),) such that for some unitary U:

UTPCU — |O>TT<O|
(S,1]0),) corrects span(EU ).
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There exists (S, |0),) such that for some unitary U:
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(S,1]0),) corrects span(EU ).

Proof:
span(& ) = span( Fg, Fq, ..
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From Detection to Correction

Suppose C detects errors in £T€.
There exists (S, |0),) such that for some unitary U:

UTPCU — |O>TT<O|
(S,1]0),) corrects span(EU ).

Proof:
span(& ) = span( Fg, Fq, ..
PeETE;Pe = A\ Pe.
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From Detection to Correction

Suppose C detects errors in £T€.
There exists (S, |0),) such that for some unitary U:

UTPCU — |O>TT<O|
(S,1]0),) corrects span(EU ).

Proof:

span(& ) = span( Fg, Fq, ..
PeETE;Pe = A\ Pe.
A = (\i;)i; Hermitian = change basis of span(&):
Aij = 0ij.
Let |¢) be a state of C. Define
[Vxle)y = Edy)
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From Detection to Correction

Suppose C detects errors in £T€.
There exists (S, |0),) such that for some unitary U:

UTPCU — |O>TT<O|
(S,1]0),) corrects span(EU ).

Proof:
span(& ) = span( Fg, Fq, ..
PeETE;Pe = A\ Pe.
A = (\i;)i; Hermitian = change basis of span(&):

>\z'j = 5@]
Let |¢) be a state of C. Define
[Yxli)y = Eily)

Choose U unitary: U|¢)]0); = [¢)

L*
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From Detection to Correction

Suppose C detects errors in £T€.
There exists (S, |0),) such that for some unitary U:

UTPCU — |O>TT<O|
(S,1]0),) corrects span(EU ).

Proof:
span(& ) = span( Fg, Fq, ..
PeETE;Pe = A\ Pe.
A = (\i;)i; Hermitian = change basis of span(&):

>\z'j = 5@]
Let |¢) be a state of C. Define
[Yxli)y = Eily)

Choose U unitary: Uly)|0), = |¢),.
Compute: LU[)[0), = Eil) = [¢)li)

19



QEC Theorems

Theorem: Given a quantum system. There exists an
error-correcting subsystem for & iff there exists a £7€
detecting guantum code.
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QEC Theorems

Theorem: Given a quantum system. There exists an
error-correcting subsystem for & iff there exists a £7€
detecting guantum code.

Corollary: Assume EJ{ = &£4. If C has minimum distance
2e 4+ 1, then C induces an e-error-correcting subsystem.
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QEC Theorems

Theorem: Given a quantum system. There exists an
error-correcting subsystem for & iff there exists a £7€
detecting guantum code.

Corollary: Assume EJ{ = &£4. If C has minimum distance
2e 4+ 1, then C induces an e-error-correcting subsystem.

Coding theory lingo: A [[n, k, 2e + 1]] code is e-error
correcting.
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Stabilizer Codes |

o Conventions:
X =04, Y =0y, £ =0,
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Stabilizer Codes |

o Conventions:
XZO.ZE? Y:O-y, Z:O-Z
IXIII = ax(z), JIY 7] = gy(3)gz(4)
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Stabilizer Codes |

o Conventions:
X:O-ZIH Y:Oy, Z:O-Z
IXIII = ax(z), JIY 7] = gy(3)gz(4)

o Pauli group: Products of ¢, up to sign.

21



Stabilizer Codes |

Conventions:
X:Uwa Y:O-yv Z:O'z
IXIII =0,2, 1IYZ] = 0,30,®

Pauli group: Products of ¢,, up to sign.

Stabilizer of C = span(|000),|111)):
(I, 271,122,212} = ( ZZI,IZZ )
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Stabilizer Codes |

Conventions:
X:Owa Y:Oyv Z:O'z
IXIII =0,2, 1IYZ] = 0,30,®

Pauli group: Products of ¢,, up to sign.

Stabilizer of C = span(|000),|111)):
(I, 271,122,212} = ( ZZI,IZZ )

Properties:
C detects [1X/
IXI-ZZ1 = —ZZI-1XI

21



Stabilizer Codes i
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Stabilizer Codes II

A stabilizer code (Pauli code, symplectic code) is a
common eigenspace of a commutative subgroup N
of the Pauli group.
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A stabilizer code (Pauli code, symplectic code) is a

common eigenspace of a commutative subgroup N
of the Pauli group.

Define
N-+ = {Pauli operators which commute with N}.
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Stabilizer Codes II

A stabilizer code (Pauli code, symplectic code) is a

common eigenspace of a commutative subgroup N
of the Pauli group.

Define
N-+ = {Pauli operators which commute with N}.

Theorem: A stabilizer code of N detects all Pauli
operators except those in N+ \ N.
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Stabilizer Codes II

A stabilizer code (Pauli code, symplectic code) is a

common eigenspace of a commutative subgroup N
of the Pauli group.

Define
N-+ = {Pauli operators which commute with N}.

Theorem: A stabilizer code of N detects all Pauli
operators except those in N+ \ N.

Proof: For p € N, let A\(p) be the common eigenvalue.
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Stabilizer Codes II

A stabilizer code (Pauli code, symplectic code) is a

common eigenspace of a commutative subgroup N
of the Pauli group.

Define
N-+ = {Pauli operators which commute with N}.

Theorem: A stabilizer code of N detects all Pauli
operators except those in N+ \ N.

Proof: For p € N, let A\(p) be the common eigenvalue.

o € N: ok.
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Stabilizer Codes II

A stabilizer code (Pauli code, symplectic code) is a

common eigenspace of a commutative subgroup N
of the Pauli group.

Define
N-+ = {Pauli operators which commute with N}.

Theorem: A stabilizer code of N detects all Pauli
operators except those in N+ \ N.

Proof: For p € N, let A\(p) be the common eigenvalue.

o € N: ok.
o & N+: Choose p € N, op = —po.
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Stabilizer Codes II

A stabilizer code (Pauli code, symplectic code) is a
common eigenspace of a commutative subgroup N
of the Pauli group.

Define
N-+ = {Pauli operators which commute with N}.

Theorem: A stabilizer code of N detects all Pauli
operators except those in N+ \ N.

Proof: For p € N, let A\(p) be the common eigenvalue.

o € N: ok.
o ¢ N+t: Choose p € N, op = —po. For |¢) in the code:
plv) = Alp)l¥)
poly) = —oplY)

—Xp)oly)  ...o|y) is orthogonal to the code.
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The 5 Qubit Code

o Minimum distance 3 code for Pauli errors:
Stabilizer: (YZZYI1,IYZZY,YIYZZ ZYIY Z ).
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The 5 Qubit Code

Minimum distance 3 code for Pauli errors:
Stabilizer: (YZZYI1,IYZZY,YIYZZ ZYIY Z ).

Example distance check:
Every weight < 2 Pauli product UV 111 is detected:

Y Z\ZY 1
IY\Z2Y
Y I\Y ZZ
ZY|IY Z




The 5 Qubit Code

Minimum distance 3 code for Pauli errors:
Stabilizer: (YZZYI1,IYZZY,YIYZZ ZYIY Z ).

Example distance check:

Every weight < 2 Pauli product UV 111 is detected:

Y Z
1Y
Y [
ZY

Restrict to first two columns:

ZY 1
VAL
YZZ
1YZ

(YZ, IY,YI,ZY ) ...generates all Pauli products.
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Minimum distance 3 code for Pauli errors:
Stabilizer: (YZZYI1,IYZZY,YIYZZ ZYIY Z ).

Example distance check:

Every weight < 2 Pauli product UV 111 is detected:

Y Z
1Y
Y [
ZY

Restrict to first two columns:

ZY 1
VAL
YZZ
1YZ

(YZ, IY,YI,ZY ) ...generates all Pauli products.
= every non-identity UV 111 anticommutes with a stabilizer.
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The 5 Qubit Code

Minimum distance 3 code for Pauli errors:
Stabilizer: (YZZYI1,IYZZY,YIYZZ ZYIY Z ).

Example distance check:

Every weight < 2 Pauli product UV 111 is detected:

Y Z
1Y
Y [
ZY

Restrict to first two columns:

ZY 1
VAL
YZZ
1YZ

(YZ, IY,YI,ZY ) ...generates all Pauli products.
= every non-identity UV 111 anticommutes with a stabilizer.

Rules:
XY ~ Z
Y- 7 ~ X &
Z7-X ~ Y

0110 = 11
1011 = 01
1101 = 10
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