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Abstract

We analyze annuity demand in a realistic life-cycle modetirich we optimize over consumption and
asset allocation. We incorporate background risk and impdet® annuity menus as possible drivers of devia-
tions from full annuitization. Retirees face longevitykisapital market risk, inflation risk, and background
risk. We model annuitization as a one-time decision ataetént. Contrary to what is often suggested in the
literature, we find that in these settings full annuitizatr@mains close to optimal, irrespective of whether
real or only nominal annuities are available. Under allwinstances we find optimal annuitization levels
above 95% of initial wealth. On the one hand annuitizatioatisactive due to the additional wealth created
by the mortality credit, on the other hand annuities arev@rgible and the annuity menu is incomplete. We
show that the additional wealth effect dominates, optiynaltlividuals annuitize almost their entire wealth
at retirement to capture the mortality credit. Whenevauitlidy or equity exposure is desired, individuals
save sizeable amounts out of their annuity income to smduathks due to background or inflation risk
and/or to get equity exposure. We can identify this res@tanise we do not assume a priori that consump-
tion equals annuity income in retirement and solve a dyngrogramming problem for consumption and
savings. Similarly, adding variable annuities to the meoesthot increase welfare significantly, since indi-
viduals can save in order to get the desired equity exposturghermore we find that for individuals who
do not face (real) background risk, it is optimal to anneitiubstantially less to receive the equity premium.
Hence if both possible motives to annuitize less are corsidgintly, they generally interact in such a way
that full annuitization is optimal.
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1 Introduction

In this paper we model optimal decumulation of retiremenahite Prior research has shown
that in simple stylized settings full annuitization of daaie wealth upon retirement is optimal
for individuals who only face uncertainty about their timfedeath. Yaari (1965) shows that risk
averse agents with intertemporally separable utility wheanly exposed to longevity risk, and
with no desire to leave a bequest, find it optimal to hold teatire wealth in annuities if these are
actuarially fair. This argument is extended by Davidoffop®n, and Diamond (2005) to cases with
more risk factors and more general utility functions. Fulhaitization is optimal in these models

since the annuities generate a mortality credit that cabeaaptured otherwise.

In the literature the policy recommendation that all pensiealth should be annuitized has
been challenged. These papers are partly motivated by senaiion that very few individuals
voluntarily purchase annuity products when they reachdhieement age (Butler and Teppa (2007)
and Mitchell, Poterba, Warshawsky, and Brown (1999)). Tdngpirical fact is often referred
to as the annuity puzzle. In this paper we focus on two of thenrfactors that have been put
forward to challenge the claim that full annuitization igiomal. The first factor emphasizes that
annuities are irreversible due to adverse selection. Thies that annuities cannot be sold if
liquidity is needed because of unforeseen shocks, fornostan health costs or breakdown of a
durable consumption good. In addition, people face bomgwbnstraints, hence such background
risk generates a reduced demand for annuities (Turra arch®it(2004), Pang and Warshawsky
(2008), and Sinclair and Smetters (2004)). The secondrfactmur analysis is that annuity menus
are typically incomplete. In many cases only nominal anesiiare available rather than annuities
which hedge inflation risk or which give exposure to equityrkeés. Such incomplete annuity
menus may also reduce annuity demand (Milevsky and Your@/@Q0 Horneff, Maurer, Mitchell,

and Dus (2008), and Koijen, Nijman, and Werker (2008b))

We analyze a comprehensive stochastic life-cycle mode fitee retirement phase onwards.
An individual optimally allocates a fraction of wealth to annuity at age 65. Every period an
agent decides how much to consume, how much to save, and halledate his wealth between
stocks and a riskless bond. The model includes the most amptatisks a retiree faces, namely

longevity risk, background risk, inflation risk, and capitearket risk. Recently developed numer-
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ical methods are used to solve the model.

We find that almost full annuitization is optimal irrespgetiof whether real or only nominal
annuities are available. Neither background risk nor tlo& & equity exposure has a sizeable
effect on optimal annuitization levels. Individuals akkde about 95% of their wealth to real annu-
ities if these are available. If background risk hits them liquid wealth is used as a buffer and
consumption is temporarily reduced to rebuild the buffertikrermore we find that for individuals
who only have access to nominal annuities full annuitizatemains optimal. During retirement
they accumulate a sizeable amount of wealth. The mediangs@iccount is at its maximum (in
real terms) at about age 84 and amounts to approximately Z5fdtial wealth. Saving during
retirement is driven by four factors: (1) redistributiona@insumption to later periods when the
real value of the nominal annuity income is low. Furthermpeeple save to hedge against (2)
inflation risk and (3) background risk. Finally, wealth aguuation allows people to benefit from
the (4) equity premium. These four effects cannot be disgha in the many papers that assume
that consumption and annuity income coincide in retirenterdre based on simple draw-down
rules (see for instance Horneff, Maurer, Mitchell, and D280Eb)). We disentangle these four
reasons and find that it is optimal to redistribute a large sfi@nnuity income to later periods,
the anticipatory motive to save. Furthermore the seconsoreainflation risk, induces a large
amount of precautionary savings, it increases the amowoihaglated in the savings account by
50%. Expenses due to background risk are a substantialdgsuingortant reason for saving than
inflation risk (savings impact of 20%). The final reason, tmgauity exposure, does not increase
the amount of savings significantly. In contrast to previesearch we find that adding variable
annuities to the menu does not increase welfare significai find this different result because
we do not assume that consumption equals the annuity indoeneg individuals can save out of

the annuity income and invest in equity.

Furthermore we examine both possible motives to reduceitgrademand, namely incomplete
annuity markets and background risk, separately. We fintitha model without inflation risk,
which acts as a background risk, equity is indeed a reasotorastnuitize fully, namely 85% an-
nuitization is optimal. Hence strikingly, the two potemtieasons to annuitize less interact in such

a manner that when considered separately, annuity demdodeésed, but analyzed jointly, full



annuitization remains optimal. This seems counterintgjtibut is due to the fact that background
and inflation risk reduce the demand for equity exposureivitidals who already face inflation
risk have such a high overall risk level that they do not waldional risk in the form of equity
exposure. The benefits of less annuitization, more equippsxre, are thus outweighed by the
additional wealth created via annuitization, since the aeanfor equity is low. For this reason
the effect that the lack of equity exposure has on optimatdizion levels is reduced by (real)

background risk.

Our study is closely related to that of Pang and Warshawsb8R The main differences are
that they restrict the analysis to real annuities and thditiatial annuities can be bought every
year. They find that early in retirement it is optimal to anina nothing of your wealth and that
from age seventy onwards the optimal annuitization fractiewreases with age. Full annuitiza-
tion is only reached for people in their early eighties. Imftrast to their results, we find that
full annuitization is optimal at retirement. The differenim results is due to their model setup,
namely that additional annuities can be bought every yeargRnd Warshawsky (2008) state that
annuities represent a specific asset class with its own anigk and return profile. They model
the annuitization decision essentially as a portfoliocdttmon decision between bonds, equity, and
annuities. Since the mortality credit increases with agearanuity bought at a later age earns a
higher return than an annuity bought at age 65. In that cabeduals find it optimal to first invest
in equity to receive the risk premium, but eventually anesicrowd out equity. Horneff, Mau-
rer, Mitchell, and Dus (2008) and Horneff, Maurer, and Starf&)06a) also find that the optimal
annuitization level increases with age. In contrast toalstadies we find that (almost) full an-
nuitization at retirement is optimal. The difference begweur study and those mentioned above
is that we assume that annuitization can only take placetis¢meent. WWe make this assumption
for various reasons. First of all in several countries thesien whether to annuitize your pension
account or take a lump sum is, due to the tax legislation,ke pdace at retirement. Furthermore
mandatory annuitzation of a fraction of wealth at youngersagduces adverse selection costs that
are generated when the annuity date can be chosen. Thessedetection costs are typically
ignored in the papers referred to above. A third reason foasaumption of a single conversion
opportunity at retirement is that in reality people makeriirial decisions very infrequently rather

than annually. Furthermore Agarwal, Driscoll, Gabaix, &athson (2007) show that the capabil-

3



ity of individuals to make financial decisions declines dagically at higher ages, hence it seems

optimal to make these decisions at younger ages when a psrstilhable to do so.

The assumption of a single conversion opportunity impled,tcontrary to the recommenda-
tion of the papers referred to, (almost) full annuitizataaage 65 is optimal. The benefit of receiv-
ing the mortality credit and getting longevity risk insucanoutweighs the initial loss of liquidity
and equity exposure. In a similar setting Horneff, Maureitchkll, and Dus (2006b) find that the
optimal annuitization level is approximately 70%, howetiey do not optimize dynamically over

either the equity/bond portfolio or consumption, as we do.

In our model we treat the magnitude of background risk aspaddent of age, which seems
realistic for most European countries. A number of papeve lamalyzed annuity demand from a
US perspective where health expenses are in general onigllyacovered by insurance policies.
Sinclair and Smetters (2004) find that exogenous healthkshiecrease the demand for life annu-
ities since they simultaneously raise the demand for ligsiskets and shorten the life expectancy.
In contrast Turra and Mitchell (2004) model annuitizatiesresone-time decision at retirement and
examine the effect of heterogeneity in health status amgegta on the decision to annuitize.
They find that differences in health and anticipated headftsccan help explain why many in-
dividuals annuitize only partly. As a robustness check welehed background risk explicitly as
out-of-pocket medical expenses via estimates by De Nardndh, and Jones (2008). The health
costs increase sharply with age and there is a negativéorela¢tween health costs and survival
probabilities. We find that (almost) full annuitization raims optimal if we model health costs as

the source of background risk.

In this paper we ignore a number of other potential driverarofuity demand. These include
the presence of loads in annuity prices (see for instancehidii, Poterba, Warshawsky, and Brown
(1999)), bequest motives (Brown (2001) and Inkmann, Lopas, Michaelides (2008)), private
information on health status (Turra and Mitchell (2004)ghpre-annuitized wealth levels (Dushi
and Webb (2004)), and family composition (Brown and Potéa@0) and Kotlikoff and Spivak
(1981)). These extensions could be considered in subsegoéeh

The remainder of the paper is organized as follows. In SeQiave describe the individ-

ual’s preferences, the setup of the financial market, thetreark parameters, and the numerical



method to solve the dynamic programming problem. Sectiamgains detailed simulation results
for the benchmark case. Robustness checks are subseqoeritiyned in section 4. Section 5

concludes.

2 The retirement phase life-cycle model
2.1 Individual's preferences and constraints

We consider a life-cycle investor during retirement witreage 1,...,7, wheret = 1 is the
retirement age and is the maximum age possible. The individual’s preferencegpeesented by
a time-separable, constant relative risk aversion utilityction and the individual derives utility

from real consumptior(;. More formally, the objective of the retiree is to maximihe following

E((i)S)

where( is the time preference discount factgrdenotes the level of risk aversion, aégis the

function

V:E1

real amount of wealth consumed at the beginning of periddhe probability of surviving to age
conditional on having lived to period— 1 is indicated byp,. We define the nominal consumption

asC, = C,I1,, wherell, is the price index at time

The individual invests a fractiom, in equity, which yields a gross nominal return®f, ;. The
remainder of the wealth is invested in a riskless bond andetien on this bond is denoted 1/ .

The intertemporal budget constraint of the individualmspominal terms, equal to
Wis1 = (W +Y; — B, — C)(1 + R + (Riwy — R Jwy), (2)

wherelV; is the amount of financial wealth at timgY; is the annual nominal annuity income, and
the expenses due to background risk are indicate@®byThe timing of decisions is as follows
First the individual receives his annuity income and in@xgenses due to background risk. After
this exogenous shock he decides how much to consume andysielgly invests the remaining
wealth. In case the annuity income plus wealth at the beggof the period is insufficient to pay
the expenses and consume, the individual receives a siiststonsumption level. In subsequent
periods that person first needs to pay of his debt before hea@ume more than the subsistence

level. The decision frequency is annually.



The individual faces a number of constraints on the consiamg@nd investment decisions.

First, we assume that the retiree faces borrowing and Sladet constraints
wy > 0andd/w, < 1. 3)
Second, we impose that the investor is liquidity constréine
C, < W, (4)

which implies that the individual cannot borrow againsufet annuity income to increase con-

sumption today.

2.2 Financial market

The asset menu of an investor consists of a riskless onengaainal bond and a risky stock. The
return on the stock is normally distributed with an annuahmeominal return.z and a standard

deviationoi. The interest rate dynamics are described by an Ornsteierback process
dry = —a(ry — p,)dt + o.dW,, (5)

wherer; is the instantaneous short rate ariddicates the mean reversion coefficiemtis the long
run mean of the instantaneous short rate gndenotes the instantaneous standard deviation of the
short interest rate. The yield on a risk-free bond with mgtur is a function of the instantaneous

short rate in the following manner:

R} =~ og(A(R) + 3 B(h)r, ©

whereA(h) andB(h) are scalars and h is the maturity of the bond.

In our market, inflation is modeled as follows. For the inthaeousexpected inflation rate we
assume
dmy = —a(m — py)dt + 0,dZy, @)

where«a is the mean reversion parametgy, is long run expected inflations,. is the standard
deviation of the expected inflation, and; are the innovations. Subsequently the price index
follows from

it ae = Iy exp(migar + ondBy), (8)
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wheredB, are the innovations to the price index. We assume there isiiygorelation between
the expected inflation and the instantaneous short inteaitst that is the correlation coefficient

betweenZ; and B; is positive.

We consider single-premium immediate life-contingentuati@s with real or nominal payouts.

Consequently, the annuity income is given by
Y = PRyA™!, 9)

whereP Ry is the premium and! is the annuity factor. The single premium is equal to thegmes
value of expected benefits paid to the annuitant and we asannaetuarially fair annuity. The
annuity factor,A, is equal to
A=) <<Hp> exp(—tRé”> , (10)
t=1 s=1
WhereRff) is the time zero yield on a zero coupon bond maturing at tinTéhe interest rate term

structure that is applied is either nominal or real depemdimthe type of annuity.

The annuity factor for a variable annuity payout is simiaeguation (10), buR((f) is equal to
the assumed interest rate (AIR), which is fixed. The annualigyincome depends on the return
of the portfolio backing the annuity;;!, and is equal to

T
Y, = PRyA™! t]j[l <%) . (11)
The AIR determines whether, in expectation, the annuityopagtream increases or decreases
over time. The annuity income is constant over time in caseAlR is equal to the return of the
underlying portfolio, . If the AIR is below R, then the nominal income stream is upwards

sloping over time.

We postulate that the expenses due to background risk an@doglly distributed with an
annual meanz and a standard deviatiarg. Furthermore we assume that the expenses do not

exhibit autocorrelation.

2.3 Benchmark parameters

In the previous paragraphs we presented the specificatitredife-cycle model. In this section

we set the parameter values for the benchmark case. In ace@dvith Pang and Warshawsky
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(2008) and Yogo (2008) we sét, the time preference discount factor equal to 0.96. The risk
aversion coefficient is assumed equal to 5 for ease of comparison, since this igadejot to
Pang and Warshawsky (2008) and near the parameter choi@gof(2008) and Ameriks, Caplin,
Laufer, and Van Nieuwerburgh (2008). Initial wealth is stitét, if the individual would annuitize
fully in real annuities, the (real) income for the rest of tliespan equals unity. We call this real
annuity income if 100% is invested in a real annuity the FidbaRANnnuity Income (FRAI). The
mean expenses due to background risk are 10% of the FRAI,avétandard deviation of 7%.

Furthermore we choose a subsistence consumption levebat 46% of the FRAL

The equity return is normally distributed with a mean anmuainal return of 8% and an
annual standard deviation of 20%, which is in accordanchk higtorical stock performance. The
mean instantaneous short rate is set equal to 4%, the stbdeiaation to 1%, and the mean re-
version parameter to 0.15. The correlation between thanteteous short rate with the expected
inflation is 0.4. The parameters on the inflation dynamicstaken from Koijen, Nijman, and
Werker (2008a). They find a mean inflation348%, the standard deviation of the instantaneous
inflation rate is equal td.38%, the standard deviation of the price index equabss, and the
mean reversion coefficient equals 0.165. The assumed shtate is equal to 4%, which is sim-
ilar to Horneff, Maurer, Mitchell, and Stamos (2008) and jni Nijman, and Werker (2008B).
The portfolio linked to variable annuity consists 100% ofigyg Furthermore we will perform ro-
bustness checks to assess whether the results hold foediffealues for the individual preference
parameters and financial market parameters. Time ranges 01 to timeT’, which corresponds
to age 65 and 100 respectively. The number of simulated patissequal to 1000. The survival
probabilities are the current male survival probabilitrethe US and are obtained from the Human

Mortality Databasé.We assume a certain death at age 100.

Lif an individual has invested his entire wealth in a real atynthen in less than 0.01% of the cases the individual
receives the subsistence consumption level.

2The US National Association of Insurance Commisionairsiites that the AIR may not be higher than 5%.
Furthermore Horneff, Maurer, Mitchell, and Stamos (20@8hark that 4% is commonly used in the US insurance
industry.

3We refer for further information to the website, www.moitiabrg.



2.4 Numerical method for solving the life-cycle problem

Due to the richness and complexity of the model it cannot beedanalytically hence we employ
numerical techniques instead. We use the method propose&ddylt, Goyal, Santa-Clara, and
Stroud (2005) and Carroll (2006) with several extensiordeddby Koijen, Nijman, and Werker
(2008a). Brandt, Goyal, Santa-Clara, and Stroud (2005ptaalsimulation-based method which
can deal with many exogenous state variables. In our Ease (Rf, m;) is the relevant exogenous
state variable. Wealth acts as an endogenous state variBbtethis reason, following Carroll
(2006), we specify a grid for wealthfter (annuity) income, expenses due to background risk,
and consumption. As a result, it is not required to do nunaérigotfinding to find the optimal

consumption decision.

The optimization problem is solved via dynamic programmang we proceed backwards to
find the optimal investment and consumption strategy. Indakeperiod the individual consumes

all wealth available. The value function at time T equals:

Wy
Jp(Wr, R}, 7o) = - = (12)

The value function satisfies the Bellman equation at allgpleents in time,

wt,Ct

C
Vi(Ws, R{v ;) = max (1 : ~ + BPe41 Bt (Vigr Wiga, R{H» 7Tt+1))) . (13)

In each period we find the optimal asset weights by settindithieorder condition equal to
zero
E/(Ciil (R — RY) /M) =0, (14)

whereCY, , denotes the optimal real consumption level. Because we sbé/optimization prob-
lem via backwards recursion we kn@W, , at timet 4 1. Furthermore we simulate the exogenous
state variables for N trajectories and T time periods heneean calculate the realizations of the
Euler conditionsCy, " (Ri+1 — R{)/Hm. We regress these realizations on a polynomial expan-
sion in the state variables to obtain an approximation ofcthveditional expectation of the Euler
condition

E ((J:;](Rm ~ Rl /Hm) ~ X0 (15)



In addition we employ a further extension introduced in KnijNijman, and Werker (2008a). They
found that the regression coefficiefitsare smooth functions of the asset weights and consequently
we approximate the regression coefficiehtdy projecting them further on polynomial expansion

in the asset weights:
0y, == g(w)y. (16)

The Euler condition must be set to zero to find the optimaltassgghts

Xiihg(w) = 0. (17)

The procedure to determine the optimal consumption styategimilar to the optimal asset
weights. The Euler condition for optimal consumption isedetined via regressing the realiza-
tions of marginal utility on the state variables. In this manthe optimal consumption for every

trajectory, time period, and wealth grid point is deterndine

3 Results for the benchmark case

As shown by Davidoff, Brown, and Diamond (2005) full annzgtiion is optimal if the annuity
market is complete. This is however not the case if no annsidyailable which offers equity ex-
posure. Figure 1 presents the certainty equivalent consamior various levels of annuitization,
conditional on optimal consumption and asset allocatioatesgjies. The dashed line shows that
for the case with background risk and real annuities, arratibn of about 96% of total wealth
is optimal. The welfare gain over no annuitization is subséd An increase in annual certainty
equivalent consumption from 50% of the FRAI to 100% of the FRX no annuities are available,
welfare is thus reduced by about 50%. The magnitude of théameefjains are comparable to the
findings in Davidoff, Brown, and Diamond (2005) and Mitch&lbterba, Warshawsky, and Brown
(1999). For many individuals part of their wealth will be atized for institutional reasons, for
example in the form of social benefit payments or Defined Bepefisions. The results show that

an increase in the level of annuitization from say 50% to 1@086 brings about a very substantial

4In section 2.3 we stated that, for ease of comparison, wengedl iwealth such that, if the individual would
annuitize fully in real annuities, the (real) income for ttest of the lifespan equals unity. We call this real annuity
income if 100% is invested in a real annuity, the Full Real Ainincome (FRAI).
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welfare gain which is in line with Mitchell, Poterba, Wars¥sky, and Brown (1999). Full annu-
itization, as compared to the optimal level of about 96% egates a negligible welfare loss. This
implies that the fact that the annuity market is incomplaiesdinot have a material impact on the

optimal annuitization level, given that we allow dynamivisg strategies.

1.1 T T T T

““““ Nominal annuity — without background risk
----- Nominal annuity — with background risk
——Real annuity - with background risk |~ _-=="7"77777
= = = Real annuity - without background risk -7

o o o
~ o) ©

Certainty equivalent consumption

o
o

0.5

04
0 10 20 30 40 50 60 70 80 90 100

Annuitization level (%)

Figure 1: Optimal annuitization levels

The figure displays the certainty equivalent consumptiaritie life-cycle model with and without background risk
and nominal or real annuity income. Equity is included inthedel. The optimal annuitization strategy is the level
that generates the highest certainty equivalent consompti

In addition, the results on the optimal annuity demand ardipaffected by the presence of
background risk, the solid line in Figure 1 shows that fulhaitzation is still close to optimal.
Obviously, background risk reduces the attainable utiétsels, but the curves are still essentially
increasing: more annuitization leads to more utility. ltate will see that the main difference
with the case without background risk is that the agent actat®s wealth out of annuity income
to cover shocks in background risk and plans consumptioaloild these buffers when needed.
Pang and Warshawsky (2008) find that in a life-cycle modéhwéalth costs as background risk,
annuity demand increases due to background risk. The rdasadhis contrasting result is that
they do not model annuitization as a one-time decision tbatla to be made at retirement age,

but optimize annually over the equity-bond-annuity pditfoln effect, the annuitization decision
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is modeled as a portfolio allocation decision. Health cests an additional risk factor which
drives households to shift demand from risky to risklese@sshamely from equity to bonds and
annuities. Then as a consequence of the superiority of aeswver bonds, annuity demand
increases due to health costs. In sum we find that it is optionahnuitize fully. The benefits of
insurance against longevity risk and the mortality creditweigh the reduction in liquidity and

less ability to get equity exposure.

The third and fourth curve in Figure 1 refer to the case wheng aominal annuities are
available and thus inflation risk cannot be hedged via am@suiEull annuitzation remains optimal
and generates substantial welfare gains over fractiomaliimation or the pure use of draw-down
strategies. Later we will see that the agent will rebuildiigiqty and exposure to equity markets
through capital accumulation after retirement. Note thet tapital accumulation after retirement
could not be identified by earlier studies which equated gondion after retirement to the cash

flows generated by the annuity portfolio.

The optimal consumption, wealth trajectory, and assetatlon rules are illustrated in Fig-
ures 2 to 5. In Figure 2 we present the median consumptiorthwead asset allocation for three
cases. The three cases that are considered are (1) no aatoitj (2) the optimal (100%) level
of nominal annuities, and (3) the optimal (96%) level of r@ahuities. Figure 3 presents optimal
median wealth trajectories for a number of alternative rhedtings. In Figures 4 and 5 we illus-
trate how the consumption level depends on the wealth lexeehaw consumption is affected by

shocks in wealth.

Figure 2a shows that in case (1) and case (2) the optimal ogrtgan path is decreasing over
time. This reflects the fact that if the longevity risk in thear consumption level is not hedged,
agents do not plan much consumption at ages where the plibp&biigh that one will have
passed away. If real annuities are used, inflation risk camelblged and the planned consumption
path is approximately flat (in real terms) because of thetfadtthe time preference parameter and

interest rates approximately coincide.

Figure 2b shows that wealth is slowly decumulated if realuétnes are used. The level of
liquid wealth is sufficient to cover for unexpected shockbatckground risk. The median wealth

trajectory is very different if nominal annuities are useccbver longevity risk. In that case the
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Figure 2: Optimal real consumption, optimal real wealth aptimal asset allocation

Panel (a) displays the optimal real consumption for thenogtreal annuitization level, optimal nominal annuitipati
level and without annuities. Panel (b) displays the optireal wealth for the optimal real annuitization level, opdim
nominal optimization level and without annuities. Pangldiesents the optimal fraction invested in the risky asset
for the optimal real annuitization level, optimal nomingitionization level and without annuities. Expenses due to
background risk are included in the model.
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individual saves substantially out of the nominal annuityome and a median real wealth of 3.5
times the FRAI is attained at the age of 80. This liquid cdpstaneeded to have sufficiental
consumption if the agent happens to get very old. This is ao@tance with Love and Perozek

(2007), they also find that background risk increases thenapamount of liquid assets.

In panel C of Figure 2 we see that the optimal fraction investethe risky asset if a person
has annuitized nothing is about 20% and is fixed over timee&atsthe optimal fraction is 100%
if an individual has invested optimally in a real annuity. ¥é that the optimal fraction depends
negatively on the fraction of liquid wealth compared to tetaalth (liquid wealth plus discounted

value of annuity income). This result is in line with Coccar@es, and Maenhout (2005).
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Figure 3: Optimal real wealth trajectories

This figure shows the optimal real wealth trajectories far figriations of the parameter values. The wealth trajezgori
are for the case where 100% is invested in a nominal annuityrd model setup where inflation risk is excluded, the
inflation level is fixed at 3.48%.

Figure 3 analyzes in more detail the most striking resultigufe 2, the capital accumulation
in case of nominal annuities. Individuals save out of nomamauity income for four different
reasons. A first reason is real consumption smoothing, Isecaen deterministic inflation erodes
the real consumption that can be obtained from the nominalignincome. A second reason

relates to inflation risk. Inflation risk generates preaandry saving as inflation risk can be seenin
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this setting as a (partly) unhedgeable background risk.tfing reason is precautionary saving to
hedge for the background risk in our model. The fourth and fimativation to accumulate capital
is exposure to equity risk to capture its risk premium. FegBipresents the optimal median wealth
path for five different specifications of the model to disegla the different reasons for capital
accumulation. If only deterministic inflation is incorpted (i.e. background risk, inflation risk,
and equity risk are excluded from the model) the maximum arhofwealth accumulated is about
1.7 times the FRAI. In expectation an individual accumidate amount equal to approximatively
11% of his initial wealth at age 65 to redistribute income éanrs where the nominal income in
real terms is low. This maximum savings is reached at agef 28.three risk factors are included,
then the optimal median wealth level is substantially lagyed reached at later age. It is evident
that hence théevel of inflation explains only a small part of the results. The madavings is
reduced from approximately 3.5 times the FRAI if all risktfars are included to 3 times the full
real annuity income if the equity risk is ignored. Similaifybackground risk is taken out, the
amount of savings is slightly lower than 3 times the FRAI. f&anhy Palumbo (1999) finds that
uncertain medical expenses increases the amount of pi@tanyt savings. The main driver of the
accumulation of capital is inflatiorisk as the optimal maximum savings amount decreases with
some 40% if that risk factor is taken out. The level of premmary savings is enhanced by the
persistency in inflation. In sum, an individual could alsogly annuitize less to keep wealth liquid
and extract wealth from the savings account to insure agaftation shocks. However, we find
that instead it is optimal to annuitize fully to receive thentality credit and subsequently save out

of the annuity income.

To illustrate the savings behavior and the impact of baakggdoshocks on consumption and
capital accumulation we added Figures 4 and 5. Figure 4 sdber case of real annuities and
Figure 5 that of nominal annuities. Panel A of Figure 4 shdwvesdptimal consumption level for
varying wealth levels for a 70-year old. The real saving &3Gimes the FRAI (nominal annuity
income in real terms, 1.15, minus real consumption, 0.8 8 for wealth level 1 and 0.23 a year
for a wealth level of 3 times the FRAI. A two standard deviaighock in terms of background
risk corresponds to a wealth reduction of 0.14 times the FRi&lear interpolation suggests that
after a background risk shock of that magnitude, consumjiceduced by (only) 0.007 times the

FRAI. Background risk will therefore only have a small impan subsequent consumption in the
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Figure 4: Optimal consumption for varying wealth levels éoperson with an optimal nominal
annuity income

The above panel displays the optimal real consumption fdd gear old for several real wealth levels. In case the
optimal consumption is below the line that displays the adgrincome, then it is optimal to save for the corresponding
wealth level. The middle panel shows the optimal real corion levels per real wealth level for a 80 year old and
the lower panel for 90 year old. The parameters are that di¢imehmark set up and the optimal amount is invested
in a nominal annuity (100%). 16
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Figure 5: Optimal consumption for varying wealth levelsdgrerson with an optimal real annuity
income

The above panel displays the optimal real consumption fdd gear old for several real wealth levels. In case the
optimal consumption is below the line that displays the adgrincome, then it is optimal to save for the corresponding
wealth level. The middle panel shows the optimal real corion levels per real wealth level for a 80 year old and
the lower panel for 90 year old. The parameters are that di¢imehmark set up and the optimal amount is invested
in a real annuity (96%). 17



nominal case where the buffers are large. However, if arviddal receives a real annuity income
he has less savings, hence he reacts more after a large dacigghock. In Figure 5a we see that
an individual with a wealth of 0.5 times the FRAI saves 0.1d drhe has a wealth level of 1.5
times the FRAI he saves nothing. Linear interpolation setgy#nhat savings are increased by 0.016
times the FRAI after a two standard deviation shock in bamlkgd risk, which is almost twice
as high compared to the nominal annuity case. As a side effexfigures illustrate the saving
behavior of those with low wealth. In the case of nominal ames; a 90-year old with wealth less

than 2 times the FRAI should still save to hedge against backgl risk and inflation risk.

To be able to separate the effect that either backgroundingétion risk, or a lack of equity
exposure has on optimal annuitization demand, we preseetaespecifications of the model in
Table 1. Recall that if all risks are considered jointly, aBhfull annuitization is optimal. However
we see in Table 1 that annuitizing 84% is optimal if backgbtisk and inflation risk are excluded
from the model. Interestingly, if individuals do not facedl) background risk, a lack of equity
exposure is indeed a reason to annuitize substantially Bseven though background risk and
equity exposure are theoretically both reasons to deciaasaity levels, they interact in such a
manner that when considered jointly, full annuitizatiomeens optimal. The explanation for this
is that background and inflation risk reduce the demand faitgdecause an individual who is
exposed to (real) background risk already faces a high bvesialevel. In that case the benefits
from reducing annuitization, namely more equity exposare,not that high and outweighed by
the benefits of annuitization, namely receiving the mdstatredit. However, in the case that
an individual is only exposed to longevity risk and not backod risk, then he does prefer to
annuitize less to increase his equity exposure. Horneffurgta Mitchell, and Dus (2008) and
Babbel and Merril (2007) find that equity exposure is a redeannuitize less, however they do
not incorporate background risk. We find similar results & exclude background risk, but in
a model which incorporates background and inflation riskack lof equity exposure no longer

induces lower annuity demand.

Finally we examine whether adding variable annuities totle&u increases welfare sizeably.
In Table 2 we display the welfare gains from allocating théropl amount to a variable and a real

annuity, compared to only a real annuity. We see in Table thigawelfare gains are a maximum
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of 1.5%, hence adding a variable annuity to the menu doesngase welfare significantly. The
combined optimal annuity portfolio for an individual whacks background risk is only 10% in a
variable annuity and the remaining wealth in a real anndibe reason is that individuals can save
out of their annuity income to get equity exposure and reabdres provide a much better hedge
against inflation risk than equity-linked annuities. KaijéNijman, and Werker (2008b) find an
optimal allocation of 40% to real annuities, however theyndbinclude equity in the asset menu.
Horneff, Maurer, Mitchell, and Stamos (2008) find a welfaaéngof 6% at age 80 and 30% at age
40 of investing in variable annuities instead of nominaluties. The reason for this contrasting
result is that inflation is excluded in that paper and thetadkecation of the portfolio linked to the

variable annuity can vary over time.

3.1 Draw-down strategy for consumption

We report the welfare gains from following an optimal congdiion pattern compared to a simple
rule of thumb consumption strategy. In the simple strategycbnsumption that we consider the
annuity income is fully consumed and the current wealthdsidi by the expected remaining life
time of the individual is consumed as well. This draw-dowratglgy is the one that is preferred
in Horneff, Maurer, Mitchell, and Dus (2006b). This strategver accumulates wealth which we
know from the previous sections to be important if individugceive a nominal annuity income.
Moreover this draw-down strategy can result in rather lonstonption levels if agents live longer
than expected. As expected the welfare impact of the uselmfjgumal consumption strategies
can be quite substantial, which are reported in Table 3. W84 is invested in annuities the
welfare loss ranges from 0% to 9.5%. The welfare loss is abent for the case without back-
Table 1: Optimal annuitization levels (in %) for varying sgieations of the model

The parameters are equal to the benchmark case and optiozatadn to real annuities is calculated. If inflation risk

is excluded from the model (a nominal annuity is in effectada a real annuity), then the optimal level is similar for
a real and a nominal annuity.

inflation risk included inflation risk excluded
background risk background rigkbackground risk background risk
included excluded included excluded
Equity included 96 97 83 84
Equity excluded 97 99 96 100
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Table 2: Welfare gains (in %) of investing the optimal amowm& combination of variable and
real annuities compared to only real annuities
The assumed interest rate (AIR) is either 4% or 2%. The retstepparameters are as in the benchmark case.

AIR 4% AIR 2%

background risk included
welfare gain 1.2 1.1
optimal real/variable annuity 90/10 90/10

background risk excluded
welfare gain 15 1.3
optimal real/variable annuity 85/15 85/15

ground risk and 100% allocated to real annuities, becausegtimal strategy is then to consume
approximately the entire annuity income. Thus the optinoaistimption strategy does not differ
sizeably from the simple rule of thumb. The importance ofrapt consumption strategies is more

important for nominal annuities.

Table 3: Welfare loss (in %) of following a draw-down rule foonsumption compared to the
optimal consumption strategy

% in annuities| without background risk with background risk
nominal real nominal real
0% 43.3 44.3 38.3 41.0
20% 36.4 13.6 41.3 45.6
40% 21.8 2.0 40.8 21.7
60% 8.1 1.3 35.6 6.5
80% 3.4 15 24.3 3.4
100% 3.5 0 9.5 7.3

4 Alternative individual characteristics and financial market
parameters

The evidence in the previous section suggests that backdrosk and an incomplete annuity
menu have only a small effect on optimal annuitization Isviistead of annuitizing only partially
to insure against background risk and inflation risk, it iarfd to be optimal to allocate almost
all your wealth to an annuity and save out of the annuity inepwhere needed. In this section

we show that these results are robust to alternative assumsph individual characteristics and
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financial market parameters. We present results for twolbaadk cases: An individual who can
freely invest in a real annuity and someone who can freelgshin a nominal annuity. In all cases
the other assumptions, including those on background riskaa before, unless explicitly stated
otherwise. We investigate the robustness of the resulishfanges in the risk aversion coefficient,
the equity premium, the size of the background risk, andribkision of a load factor. The results

on optimal annuitization levels are displayed in Table 4.

Table 4: Robustness tests
The table reports the optimal annuitization levels (in %)deveral alterations of the parameters in the model. For
every robustness check one parameter is changed and tisteresthe same as in the benchmark model.

Parameter setup Optimal level Optimal level
real annuities nominal annuities
Benchmark parameters 96 100
Mean gross equity return 10% instead of 8% 93 100
Subsistence consumption level 0.3 instead of 0.15 95 100
Mean expenses due to background risk 0.2 instead of 0.1 91 100
Expense factor 7.3% instead of 0% 94 100
Risk aversion coefficient 2 instead of 5 92 100

As a first robustness check we increase the size of the eqetyipm to obtain an expected
stock return of 10% rather than 8%. Not surprisingly this liega reduction in annuity demand,
but the numerical effect is small. The optimal demand foraeauities reduces from 96% to 93%.
For the nominal annuity case, full optimization always r@maptimal. As a subsequent test we
doubled the subsistence consumption level to examine whttis alters the optimal level, Table 4

shows that this is hardly the case.

As another check for robustness the mean (real) expense® daekground risk have been
increased from 10% to 20% of the full real annuity income. dter the standard deviation was
doubled as well. The optimal level allocated to a real arygicreases from 96% to 91%. Again

the direction of the effect is as expected and the numeritfaltences are small.

In addition we consider the effect on optimal annuitizatadrincluding a load factor on the
annuity income. The load factor was set at 7.3% in line witlckiell, Poterba, Warshawsky, and
Brown (1999). The optimal annuitization level falls by or@%. Naturally the welfare loss of the

load is large, 8.5%.Finally a less risk averse individuaj & 2) invests 92% of his initial wealth

SThis result is not presented in the paper. The percentaganedbss is larger than the load, because the amount
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in real annuities. Thus the change in the optimal annuitrdevel is quantitatively small and the

previous results are also robust for an alternative ristepeace.

5 Conclusion

In this paper we analyze whether optimal annuity demandasgty affected by either an (initial)
loss of equity exposure or background risk and inflation. &k solve a realistic life-cycle model
and optimize dynamically over the consumption level an@taakocation, as well as the annuiti-
zation level at age 65. If no variable annuities are avaglalnld borrowing constraints are imposed,
then in order to get equity exposure it can potentially beénogltto annuitize only a part of your
wealth. However we find that (almost) full annuitization 1@ns optimal, irrespective of whether
nominal or real annuities are available. In addition, weneixe another possible reason for indi-
viduals to annuitize less, namely background risk and ioffatisk (if only nominal annuities are
available). In case of nominal annuities, the agent wilesaansiderably out of the annuity income
during retirement to gain equity exposure and hedge agaatiground risk and inflation risk. If
an individual receives a real annuity income instead of mamhe saves only a small amount as a
buffer against (real) background risk. Furthermore if aspardoes not face background risk and
inflation risk, annuity demand does decrease substantia#yto a lack of equity exposure. Hence
both possible explanations for lower annuitization, a lafoiquity exposure and (real) background
risk, relate in such a way that if both are included, full itila is optimal. The explanation is that
an individual who already faces inflation risk and backgbusk, does not want to have a high
equity risk. The amount of risk exposure is already so hilgat it is not optimal to add more risk
and receive the equity premium. Finally we show that addengable annuities to the menu does

not increase welfare sizeably, since individuals can saget the adequate equity exposure.

This paper can be extended in several ways. We ignored biemoéses and heterogeneity in
survival rates (for instance between education levels)rddeer, the timing of the annuitization
could be modeled as an endogenous decision to analyze whettieat case background risk

and an incomplete annuity market alter the optimal timingmrifuitization. Milevsky and Young

of income after paying the expenses due to background rilskidg a larger percentage than the load. The income
available for consumption does not scale down by the loackpeage, due to the expenses for background risk.
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(2007b) find that in a one-time annuitization setting whistsimilar to this paper, the value of
delaying annuitization can be large. Furthermore the imp&bealth costs on the background
risk could be modeled explicitly. In some countries, inehgdthe US, many agents face large
unforeseen health expenses. Health costs are persisttim@aease with age. Moreover high
health costs and life expectancy are negatively related pEnsistency in health costs could induce
higher precautionary savings, but on the other hand, if tineigal probability decreases sharply
after high health costs, this would decrease the need faidligealth. De Nardi, French, and Jones
(2008) model health costs in this manner and find that for tBesétting medical expenses have a
large effect on the savings behavior of the elderly. For mathgr countries this factor will be far
less dominant. Finally we have restricted our analysis to@diate annuities, however the annuity

menu may also include deferred annuities.
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